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outline	

n  Introduction 
²  Hanbury-Brown&Twiss Interferometry (HBT) 
²  Motivation 

n  Experiment/Analysis 
²  PHENIX Detectors 
²  Data selection 
²  Analysis Method for HBT 

n  Results/Discussion 
²  HBT measurement with respect to the event plane 
²  Blast-wave model 
²  Monte-Carlo simulation 

n  Summary/Conclusions 
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Introduction	
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Introduction	
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Quark Gluon Plasma (QGP)	
Introduction	

4
	

n  State at a few µ-seconds after Big Bang 
n  Quarks and gluons are reconfined from hadrons 

probably here	

n  QGP will be created  
at extreme temperature and  
energy density	

http://www.scientificamerican.com/	

from BNL web site	

now	
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Relativistic Heavy Ion Collisions	

n  Relativistic Heavy Ion Collider is an unique tool to create QGP. 
² Brookhaven National Laboratory in U.S.A 
² Two circular rings (3.8 km in circumstance) 
² Various energies: 7.7~200 GeV 
² Various species: p+p, d+Au, Cu+Cu, Cu+Au, Au+Au, U+U	

Introduction	

Energy density 
○ Lattice QCD calculation 

 Tc ~ 170 MeV 
 εc  ~ 1 GeV/fm3 

 

○ Au+Au 200GeV @RHIC 
 εBj ~ 5 GeV/fm3 > εc 	

n  Relativistic Heavy Ion Collider is an unique tool to create QGP. 
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Year  Species/Energy 
2001  Au+Au 130GeV 
2002  Au+Au, p+p 200GeV 
2003  d+Au 200GeV, p+p 20GeV 
2004  Au+Au 200, 62.4GeV 
2005  Cu+Cu 200, 62.4, 22.4GeV 
2006  p+p 200, 62.4GeV 
2007  Au+Au 200GeV 
2008  d+Au, p+p 200GeV 
2009  p+p 200, 500GeV 
2010  Au+Au 200, 62.4, 39, 7.7GeV 
2011  Au+Au 200, 27, 19.6GeV 
2012  U+U 193GeV, Cu+Au 200GeV	

2007  Au+Au 200GeV 
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Space-Time Evolution	
Introduction	

1. Collision 	

2. Partonic thermalization 
    QGP state	

3. Phase transition  
    Hadronization	

4. Chemical freeze-out 
    Hadronic rescattering	

5. Thermal freeze-out    	

π, K, p	

γ	

jet	
ω, ρ, φ	

How fast the system evolves? 
How much the system size and shape? 
Study a detailed space-time picture of evolution of the QGP	 6
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HBT Interferometry	

n  R. Hanbury Brown and R. Twiss  
² In 1956, the angular diameter of Sirius was measured. 
² HBT effect is quantum interference between two identical particles. 

Introduction	

7
	

wave function of 2 bosons(fermions) :	 12 =
1p
2
[ 1(p1) 2(p2)± 2(p1) 1(p2)]

G. Goldhaber, Proc. Int. Workshop on  
Correlations and Multiparticle production(1991)	

C2 =
P12

P1P2

Correlation function C2 :  Ratio of probabilities to detect 2 particles and 1 particle	

p1	

p2	
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_	_	

HBT Interferometry	
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Introduction	

〜1/R	

q[GeV/c]	

⇢(r) ⇠ exp(� r2

2R2
)

spatial distribution ρ	

R 
(HBT radius) 

P12 / [e

�ip1·(xA�x1)
e

�ip2·(xB�x2)
+ e

�ip2·(xA�x2)
e

�ip1·(xB�x1)
]

2

= [2± e

�ix1(p2�p1)
e

ix2(p2�p1) ± e

ix1(p2�p1)
e

�ix2(p2�p1)
]

/ 1± cos[(x2 � x1) · (p2 � p1)]

(assuming plane wave)	

HBT correlation	

p1	

p2	

C2 =

P12

P1P2
=

R
dx1dx2⇢(x1)⇢(x2) | 12|2R

dx1⇢(x1) | 1|2
R
dx2⇢(x2) | 2|2

=1±
����
Z

dx⇢(x)e

ix(p2�p1)

����
2

=1 + |⇢̃(q)|2

⇡1 + exp(�R

2
q

2
)

ρ（q） : Fourier transform of ρ(r),   q = p2 - p1	
~	
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What do HBT radii depend on ?	
Introduction	

n  Centrality dependence 
n  Transverse momentum (kT) dependence 

²  static source: whole source is measured. 
²  expanding source: Size of “emission region” is measured. 
    Collective expansion makes “x-p correlation”. 

9
	

central  
collision	

peripheral  
collision	

~pT1

~pT2

high 
kT	

~pT1

~pT2

low 
kT	

~kT =
1

2
(~pT1 + ~pT2)

whole size	

static	 expanding	

emission  
region	

~�T = ~�T (~r)
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Azimuthal angle dependence	
Introduction	

n  Angle dependence of HBT radii w.r.t Reaction Plane reflects  
the source shape at freeze-out. 

²  R.P is defined by beam axis and a vector between centers of colliding nuclei 
n  Initial spatial anisotropy causes momentum anisotropy (flow anisotropy) 

n  Final source eccentricity will be determined by initial eccentricity,  
flow profile, expansion time, and viscosity etc. 

1
0
	

Reaction  
Plane	

out-of-plane	

in-plane	

Reaction  
Plane	

Rout-of-plane	

Rin-plane	

elliptical (out-of-plane extended) :  Rin-plane > Rout-of-plane 
spherical          :  Rin-plane = Rout-of-plane 
elliptical (in-of-plane extended)   :  Rin-plane < Rout-of-plane 

beam	

aafftteerr  eexxppaannssiioonn  
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dN

d�
/ 1+2v2cos2(�� 2)

+2v3cos3(�� 3)

+2v4cos4(�� 4)

Higher Harmonic Flow and Event Plane	

n  Initial density fluctuations cause higher harmonic flow vn 

n  Azimuthal distribution of emitted particles:	

Ψ2	

Ψ3	

Ψ4	

vn   : strength of higher harmonic flow 
Ψn   : higher harmonic event plane 
φ    : azimuthal angle of emitted particles	

vn = hcosn(�� n)i

1
1
	

Introduction	

smooth picture	

fluctuating picture	

Reaction Plane	
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Motivation	
Introduction	

n  Study the properties of space-time evolution in the heavy ion 
collisions via azimuthal HBT measurement. 
² Measurement of charged pion HBT radii with respect to 2nd and 3rd-

order event planes to reveal the detail of final state and space-time 
evolution of the system. 

² Study particle species dependence by comparison of charged pion 
and kaon HBT radii 

1
2
	

Ψ3

Initial spatial fluctuation	
What is final shape ?	

Collective 
expansion	 ?	
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My Activities	
Introduction	

2012(D3)	

2010(D1)	

Talk 
QM2012	

Talk 
HIC in LHC	

2006(M1)	 2007(M2)	
3-years vacuum (It’s mystery!)	

MRPC  
construction	

RXNP 
construction	

Installed MRPC&RXNP	

Talk 
JPS fall	

Talk 
JPS spring	

Shift taking @CERN	

Shift taking & Detector Expert  
for Run11 @BNL	

Shift taking & Detector Expert  
for Run12 @BNL	

Di-jet Calorimeter 
construction for ALICE	

Summer Challenge (SC) @KEK	

SC @KEK	 SC @KEK	

Poster 
Radon Workshop	

★ preliminary result for π/K HBT w.r.t Ψ2 
★ preliminary result for π/K HBT w.r.t Ψ3 
☆ Working for publication now	

Azimuthal HBT analysis using Run4 data	 Start azimuthal HBT analysis using Run7 data	

1
3
	

2013(D4)	
Talk 
JPS spring	

2011(D2)	
Talk 
WPCF2011	

SC @KEK	

Talk 
APPC12	

Work for Run13 @BNL	

radon detector for SC	
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Experiment/ 
Analysis	

1
4
	

Analysis	
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PHENIX Experiment	

1
5
	

Analysis	

Beam line	
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Central arms (|η|<0.35) 
DC, PCs, TOF, EMCAL 

collision point 

beam line 

Reaction Plane Detector (|η|=1~2.8) 
2 rings of 24 scintillators 

South North 

Roles of Detectors	
⇒ Minimum Bias Trigger 
⇒ Start time 
⇒ Collision z-position 
⇒ Centrality	

Beam-Beam Counter (|η|=3~4) 
Quartz radiator+64PMTs 

Zero Degree Calorimeter 
Spectator neutron energy 

⇒ Event Planes	
⇒ Tracking, Momentum 
⇒ Particle Identification	

1
6
	

Analysis	
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Collision Centrality	

n  Centrality is used to classify events instead of impact parameter. 
²  impact parameter ∝ multiplicity ∝ charge sum at BBC 
²   0%  : head-head collision 
    92% : most peripheral collisions	

Analysis	

BBC charge sum	

central	    peripheral	

1
7
	

Participant	
Spectator	

Spectator	
BBC	

quartz radiator 
+64PMTs 
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Event Plane	

n  Event plane was determined by 
Reaction Plane Detector (RXNP) 
² Resolution: <cos(n(Ψn-Ψreal))> 

n=2 :  ~ 0.75  
n=3 :  ~ 0.34 

n  Determined by anisotropic flow itself 

Analysis	

φi	

beam axis	

1
8
	

Ψ2	

Ψ3	

Ψ4	

 n =

1

n
tan

�1

✓
⌃wi cos(n�i)

⌃wi sin(n�i)

◆

Centrality [%]
0 10 20 30 40 50 60 70

 ])
>

r
Ψ

 - n
Ψ

<c
os

(n
[ 

0

0.2

0.4

0.6

0.8

1
n=2, North+South
n=2, North or South
n=3, North+South
n=3, North or South

Resolution of Event planes

24 scintillator segments	

beam pipe	
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Particle IDentification	

-3 -2 -1 0 1 2 3-1

-0.5

0

0.5

1

1.5

2

1

10

210

310

410

Particle Identification by PbSc-EMC

m2 = p2
 ✓

ct

L

◆2

� 1

!

Momentum × charge	

M
as

s 
sq

ua
re

	
K-         K+	

π-         π+	

p: momentum  L: flight path length 
t: time of flight	

n  EMC-PbSc is used. 
²  timing resolution ~ 600 ps 

n  Time-Of-Flight method 

n  Charged π/K within 2σ 

² π/K separation up to ~1 GeV/c 
² K/p separation up to ~1.6 GeV/c  

Analysis	

1
9
	

EMC here!	
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0 0.05 0.1 0.15 0.2 0.25 0.3

410

510

610

710

qinv[GeV/c]
0 0.05 0.1 0.15 0.2 0.25 0.30.9

1

1.1

1.2

Correlation Function	

n  Experimental Correlation Function C2 is defined as: 
²  R(q): Real pairs at the same event.  
²  M(q): Mixed pairs selected from different events. 
    Event mixing was performed using events 
    with similar z-vertex, centrality, E.P. 
 
 
 
 
 
 
²  Real pairs include HBT effects, Coulomb  

interaction and detector inefficient effect. 
   Mixed pairs doesn’t include HBT and  
   Coulomb effects. 
	

Analysis	

C2 =
R(q)

M(q)
q = p1 � p2

2
0
	

R(q)	

M(q)	

C2=R/M	

qinv	

relative momentum dist.	

HBT effect	

Coulomb repulsion	
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3D-Analysis	

n  “Out-Side-Long” frame 
²  Bertsch-Pratt parameterization 
²  Longitudinal Center of Mass System (pz1=pz2) 

Analysis	

2
1
	

Rl beam	

Rs 

Ro 

__________ 
     =Ro

2	

LCMS	

G =exp(�R2
s

q2
s

�R2
o

q2
o

�R2
l

q2
l

� 2R2
os

q
s

q
o

)

C2 =1 + �G

G =exp(�R2q2
)

=exp(�R2
x

q2
x

�R2
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q2
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�R2
z

q2
z

��⌧2q20)
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o

q2
o

�R2
l

q2
l

��⌧2q20)

⇡exp(�R2
s

q2
s

� (R⇤2
o

+ �
T

�⌧2)q2
o

�R2
l

q2
l

)

~k
T

=
1

2
(~p

T1 + ~p
T2)

~q
o

k ~k
T

, ~q
s

? ~k
T

n  Rs = “width” of source 

n  Ro = “thickness” of source 

λ : chaoticity   Rµ : HBT radii	

including cross term	

Rs 
Ro 

Rs
2, Ro

2	

φpair- Ψ2	

0	 π/2	 π	

opposite sign!	
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dr[cm]
0 10 20 30 40 50

R
ea

l /
 M

ix
ed

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Ratio of real and mixed pairs at EMCRatio of real and mixed pairs at EMC

Pair Selection	

n  Ghost Tracks 
² A single particle is reconstructed as two tracks 

n  Merged Tracks 

² Two particles is reconstructed as a single track 

n  Real/Mixed distribution of relative hit position should be unity 
in case of no mis-reconstruction and ideal detector efficiency. 

Analysis	

2
2
	

Distance of pion pairs at DC Distance of pion pairs at EMC	

dz[cm]	

dφ
[ra

d]
	

dr[cm]	
Removed	

Removed	

1	

1	
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 [GeV/c]
inv

q
0 0.05 0.1 0.15 0.2

0.8

1

1.2

Coulomb Interaction	

n  Coulomb repulsion for like-sign pairs reduces pairs at low-q. 
²  Estimated by Coulomb wave function 

n  The correction was applied in fit function for C2 

²  Core-Halo model	

Analysis	

C2 =Ccore

2 + Chalo

2

=N [�(1 +G)F
coul

] + [1� �]

Fcoul : Coulomb term 
G     : Gaussian term	


�~2r2

2µ
+

Z1Z2e2

r

�
 (r) = E (r) � =

me2

~2q Z1Z2

2
3
	

Coulomb strength	

C2	

Fit function	
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Correction of Event Plane Resolution	
Analysis	

Event Plane	

Reaction Plane	

Reaction Plane	
true size	

measured size	

2
4
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w.r.t RP

Uncorrected w.r.t EP

⇣n,m =

n�/2

sin(n�/2)hcos(n( m � real))i

Acrr(q,�j) =Auncrr(q,�j)

+2⌃⇣n,m[Accos(n�j) +Assin(n�j)]

 [rad]φΔ0 0.5 1 1.5 2 2.5 3

]2
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s
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 [rad]φΔ0 0.5 1 1.5 2 2.5 3

]2
 [f

m
2

R
o

10

15

20
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30

w.r.t RP

Uncorrected w.r.t EP

Corrected w.r.t EP

Smeared	

Corrected!	

event plane resolution	

n  Smearing effect by finite resolution of the event plane 

 

n  Resolution correction 
² correction for q-distribution 
   PRC.66, 044903(2002) 
² Check by simulation 
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Systematic uncertainties	

n  Track and Pair selection 
²  Track matching cut at Pad Chamber and EMCal (~5%) 
²  PID cut (~2%) 
²  Pair selection cut at Drift Chamber and EMCal (~6%) 

n  Input source size for the Coulomb interaction (~2%) 

n  Event plane determination (~4%) 

²  Measured with north, south, and both combined RXNP 

※ The values within ( ) are for Rµ
2 of pions	

2
5
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Consistency check with the previous results	

Analysis	

2
6
	

n  Extracted HBT radii are compared to the PHENIX and STAR 
results. 

PRL93.152302(2004), PRL103.142301(2009)	

Consistent with PHENIX and STAR results within systematic errors.	
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Centrality dependence	 kT dependence	

Rs	 Ro	 Rl	



Ta
ka

fu
m

i N
iid

a,
   

 P
hD

 d
ef

en
se

,  
 O

ct
. 2

4,
  2

01
3	

Initial spatial anisotropy	
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Figure 4
A Glauber Monte Carlo event (Au+Au at √sNN = 200 GeV with impact parameter b = 6 fm)
viewed (a) in the transverse plane and (b) along the beam axis. The nucleons are drawn with
radius

√
σNN

inel /π/2. Darker circles represent participating nucleons.

a sequence of independent binary nucleon-nucleon collisions. That is, the nucleons
travel on straight-line trajectories, and the inelastic nucleon-nucleon cross section is
assumed to be independent of the number of collisions a nucleon underwent before. In
the simplest version of the Monte Carlo approach, a nucleon-nucleon collision takes
place if the nucleons’ distance d in the plane orthogonal to the beam axis satisfies

d ≤
√

σ NN
inel /π , 10.

where σ NN
inel is the total inelastic nucleon-nucleon cross section. As an alternative to

the black-disk nucleon-nucleon overlap function, for example, a Gaussian overlap
function can be used (31). An illustration of a GMC event for a Au+Au collision
with impact parameter b = 6 fm is shown in Figure 4. 〈Npart〉 and 〈Ncoll〉 and other
quantities are then determined by simulating many A+B collisions.

2.5. Differences between Optical and Monte Carlo Approaches
It is often overlooked that the various integrals used to calculate physical observables
in the Glauber model are predicated on a particular approximation known as the opti-
cal limit. This limit assumes that scattering amplitudes can be described by an eikonal
approach, where the incoming nucleons see the target as a smooth density. This ap-
proach captures many features of the collision process, but does not completely cap-
ture the physics of the total cross section. Thus, it tends to lead to distortions in the es-
timation of Npart and Ncoll compared to similar estimations using the GMC approach.
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n  Estimated by Monte-Carlo Glauber simulation 
²  assuming a Woods-Saxon density 
²  collision takes place if  

ü   d: distance between nucleons  
ü  σnn: total cross section 

n  Centrality dependence of  
initial ε2 and ε3 are seen. 
²  ε3 〜 ε2/2 at mid-central collision	
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p
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Discussion 
 
□ Azimuthal angle dependence w.r.t 2nd-order event plane 
□ Comparison of π/K HBT radii 
□ Blast-wave model fit 
 
□ Azimuthal angle dependence w.r.t 3rd-order event plane 
□ Monte-Carlo simulation	
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Results & Discussion	
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Azimuthal HBT w.r.t 2nd order event plane	
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Initial spatial eccentricity	

v2 Plane 

Δφ	

What is final eccentricity ?	

Results & Discussion	
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Centrality dependence of pion HBT radii w.r.t Ψ2 	
Results & Discussion	

3
0
	

n  Oscillations of Rs, Ro, and Ros. are seen for π/K 
² Centrality dependence of Rs oscillation is seen. 
² Ro has stronger oscillation than Rs in all centrality. 
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Note: Ro inherently depends on βT & Δτ#
 
 
 
 　□ effect of flow anisotropy?  
 　□ Δτ depend on azimuthal angle? 
 　□ difference of “width” and “thickness”? 
　 →Study with Blast-wave model	
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Eccentricity at freeze-out	

n  εfinal ≈ εinitial/2 for pion 
²  Consistent with STAR result. 
²  This Indicates that source expands to in-plane direction, and still elliptical shape. 

n  εfinal ≈ εinitial for kaon 
²  Kaon may freeze-out sooner than pion due to less cross section ? 
²  Is the emission region different due to the different mT ? 	

Rs
2
	

φpair- Ψ2	

0	 π/2	 π	

Rs,2
2	

Rs,0
2	

Rs,n
2 = Rs,n

2 (Δφ)cos(nΔφ)

ε final = 2
Rs,2
2

Rs,0
2

PRC70, 044907 (2004)	

in-plane	

pion	

in-plane	

kaon	
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Results & Discussion	
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Sys. error from BW
STAR (PRL93 12301)
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Au+Au 200GeV

εfinal = 0 (spherical) 	
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mT dependence of εfinal	

n  εfinal of π increases with mT 
² It would reflect the variation of the emission region. 

n  Still difference between π/K in 20-60% even at the same mT 

² Indicates sooner freeze-out time of K than π ? 
² How about the average radii ? 
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Results & Discussion	
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Comparison of π/K HBT radii (1)	

n  Difference can be seen between both species at most-central collisions	

n  Charged kaons have less cross section than charged pions 
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Difference seems to increase with multiplicity. 
Effect of the different cross sections? 
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Comparison of π/K HBT radii (2)	
n  Comparison of positive and negative kaons 

² K+ have less σtotal on nucleons than K-  

   σ(K-)/σ(K+) ≈ 5 at p≈0.3[GeV/c]  (σ(K-)/σ(π-) ≈ 2) 

n  No significant difference  
between both kaons 

² π/K difference may not be   
explained by the effect of  
hadronic rescattering. 

 

n  Ro/Rs for the emission duration 

² No centrality and mT dependence 
² K>π : relatively longer emission duration of K ?	

3
4
	

0

2

4

6 sR

0-10%

oR lR

0

2

4

6

10-20%

+/+/ -/-/
+K+K -K-K

0

2

4

6

20-40%

 [GeV/c] Tm
0.5 10

2

4

6

40-70%

 [GeV/c] Tm
0.5 1

 [GeV/c] Tm
0.5 1

 [f
m

]
µ

R

0

2

4

6 sR

0-10%

oR lR

0

2

4

6

10-20%

+/+/ -/-/
+K+K -K-K

0

2

4

6

20-40%

 [GeV/c] Tm
0.5 10

2

4

6

40-70%

 [GeV/c] Tm
0.5 1

 [GeV/c] Tm
0.5 1

 [f
m

]
µ

R

Further discussion will be done later.	
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Interpretation by Blast wave model	
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Free parameters which chracterize freeze-out 
 

Tf      : temperature at freeze-out 
ρ0, ρ2  : transverse rapidity  
Rx, Ry  : transverse sizes (shape) 
τ0,	  Δτ  : freeze-out time, emission duration 
 

Results & Discussion	

PRC 70, 044907 (2004) 

r̃ =

s

(

r cos(�)

R
x

)

2
+ (

r sin(�)

R
y

)

2

n  Hydrodynamic model parameterized with freeze-out 
conditions 

² Thermal equilibrium + collective expansion 
² Freeze-out takes place for all hadrons at the same time 
² Well reproduced pT spectra & elliptic flow at low pT  

* box profile is assumed as spatial density	

�T =tanh(⇢)

⇢(r,�) =r̃[⇢0 + ⇢2cos(2�)]

n  Motivation of BW study 
² Are π/K HBT results reproduced by the same freeze-out parameters?#
² Extract the temporal information#
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Fit by Blast-wave model	
n  Transverse momentum distribution (pT spectra) and elliptic flow v2 

are used to effectively reduce the BW parameters. 
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Results & Discussion	

1. Fit pT spectra to obtain Tf and ρ0 

     - spectra data from PHENIX (PRC69,034909(2004)) 
 

2. Fit v2 and HBT radii for all kT simultaneously 
   - ρ2, Rx, Ry, τ0, Δτ are obtained.	
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Extracted freeze-out parameters	

n  ρ2 and ellipticity(Ry/Rx) increase with decreasing Npart 

² Reasonable in terms of v2 and εf 

n  τ and Δτ increases with increasing Npart 

² Freeze-out time: 6~8 fm/c, Emission duration: 1.5~2fm/c 
ü Similar value (τ=8.6, <Δτ>=2) in Source imaging+Therminator model(PRC100.232301) 3
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Results & Discussion	

5	 5	

v2 and HBT fit	

Spectra fit	

Same trend with the past study! 
(PRC72, 014903 (2005))	

~elliptic flow	

~eccentricity	
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Comparison of mean radii between π/K	

n  Mean HBT radii of π are reproduced well by BW, but not for K 
² Using fit parameters obtained by fitting pion HBT radii 
² BW also expects larger radii of K in Rs and Rl 

n  Indicate different freeze-out mechanism? 

² e.g Freeze-out time or/and emission duration are different? 

3
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Comparison of oscillation amplitude between π/K	

3
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Results & Discussion	

n  BW doesn’t also reproduce the oscillation amplitudes of Rs
2 quantitatively,  

and Ro
2 qualitatively."

n  Underestimate of Ro oscillation in BW."

² φ-dependent Δτ?#
² Spatial density/flow profile is not appropriate?#

n  π/K difference in the oscillation cannot be explained by BW."
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FIG. 2. (Color online) The transverse momentum spectra of (a) negative pions and (b) negative kaons, all calculated in the HKM model.
The comparison only with the STAR data are presented in the separate small plots. The interferometry radii (c) Rout, (d) Rside and (f) Rlong

and (e) Rout/Rside ratio for π−π− pairs and mixture of K−K− and K+K+ pairs. The experimental data are taken from the STAR [44,45] and
PHENIX [46–48] Collaborations.

dominated space-time region the nonequilibrium EoS is harder
than even in the chemically equilibrated case. This could
reduce the out-to-side ratio for transverse interferometry radii.

The results of the HKM for the pion and kaon spectra,
interferometry radii and Rout/Rside ratio, are presented in
Fig. 2. Because the temperature and baryonic chemical
potential at chemical freeze-out, which are taken from the
analysis of the particle number ratios [29], are more suitable
for the STAR experiment, the HKM results for kaon spectra

are good for the STAR data but not so much for the PHENIX
ones. Note also that, in spite of other studies (e.g., [4]), we
compare our results for the interferometry radii within the
whole measured interval of pT covered at the top RHIC energy.
Finally, one can conclude from Fig. 2 that the description of
pion and kaon spectra and space-time scales is quite good for
both IC, the Glauber and CGC. It is worth noting, however,
that the two fitting parameters α and ε0 are various by 10–20%
for different IC, as is described above.
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Recent theoretical result	
n  HydroKinetic Model 
     - Glauber or CGC 
     - crossover transition 
     - microscopic transport 
     - pre-thermal flow 
     - implicitly viscosity 
 

n  Larger Ro and Rl　of kaon 
² Similar trend to the measured ones 
² Majority of kaons leave system later 

than pions at the same mT 

　→Longer emission duration ?	
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FIG. 3. (Color online) The φp-integrated emission functions of (a,b,c) negative pions and (d,e,f) negative kaons with different momenta:
(a,d) pT = 0.2 GeV, (b) pT = 0.85 GeV, (e) pT = 0.7 GeV, and (c,f) pT = 1.2 GeV at the Glauber IC. The values of pT in the middle row
(b,e) correspond to the same transverse mass for pions and kaons mT = 0.86 GeV.

The special attention acquires a good description of the
pion and kaon longitudinal radii together with the Rout/Rside
ratio, practically, within the experimental errors. Such an
achievement means that the HKM catches the main features
of the matter evolution in A + A collisions and correctly
reproduces the homogeneity lengths in the different parts of
the system that are directly related to the interferometry radii
at the different momenta of the pairs [2]. In this connection it
is valuable to show the structure of the emission function for
pions and kaons.

In Fig. 3 we illustrate the space-time structure of the
particle emission at the Glauber IC for different transverse
momenta of particles, with the longitudinal momenta close
to zero. The space-time picture of particle liberation is

quite different for different transverse momenta: For the soft
particles the maximal emission occurs close to the cental part
and happens at relatively later times, while the most of the hard
particles are emitted from the periphery of the system at early
times. In fact (see also Refs. [6,42]), the temperatures in
the regions of the maximal emission are quite different for
different pT ; they are for pions T ≈ 75–110 MeV for pT =
0.2 GeV/c and T ≈ 130–135 MeV for pT = 1.2 GeV/c.
So, if one uses the generalized Cooper-Frye prescription
[6,42] applied to the hypersurfaces of the maximal emission,
these hypersurfaces will be different for the different particle
momenta and do not correspond to common isotherm [6,42].

One can see in Fig. 3 (top panels) that at equal transverse
momentum pT the maximal emission of kaons happens earlier
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τ	

rT	

Rs	Ro	

Rl	Ro/Rs	

Emission function at mT=0.86GeV/c	

kaon	pion	

KAON AND PION FEMTOSCOPY AT THE HIGHEST . . . PHYSICAL REVIEW C 81, 054903 (2010)

-m [GeV]Tm
0 0.5 1 1.5 2 2.5 3

]
-2

d
y)

 [
G

eV
T

d
m

T
 mπ

N
/(

2
2

d

-310

-210

-110

1

10

210

310 , c=0-5%-πPHENIX, 
, c=0-5%-πSTAR, 

, Glauber ICs-πHKM, 
, CGC ICs-πHKM, 
, c=0-5%-πSTAR, 

, Glauber ICs-πHKM, 
, CGC ICs-πHKM, 

0 0.175 0.35 0.525 0.7

210

3
10

(a)

-m [GeV]Tm
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

]
-2

d
y)

 [
G

eV
T

d
m

T
 mπ

N
/(

2
2

d

-110

1

10

, c=0-5%
--

PHENIX, K
, c=0-5%

--
STAR, K

, Glauber ICs
-

HKM, K
, CGC ICs

-
HKM, K

, c=0-5%
--

STAR, K
, Glauber ICs

-
HKM, K

, CGC ICs
-

HKM, K

0 0.1 0.2 0.3 0.4

10

(b)

 [GeV]Tm
0.2 0.4 0.6 0.8 1 1.2

 [
fm

]
o

u
t

R

0

1

2

3

4

5

6

7

8

9

10 , c=0-30%-π-πPHENIX, 
, c=0-5%-π-πSTAR, 

, Glauber ICs-π-πHKM, 
, CGC ICs-π-πHKM, 

+
K

+
+K

--
K

--
PHENIX, K

, Glauber IC
+

K
+

+K
--

K
--

HKM, K
, CGC IC

+
K

+
+K

--
K

--
HKM, K

(c)

 [GeV]Tm
0.2 0.4 0.6 0.8 1 1.2

 [
fm

]
si

d
e

R

0

1

2

3

4

5

6

7

8

9

10 , c=0-30%-π-πPHENIX, 
, c=0-5%-π-πSTAR, 

, Glauber ICs-π-πHKM, 
, CGC ICs-π-πHKM, 

+
K

+
+K

--
K

--
PHENIX, K

, Glauber IC
+

K
+

+K
--

K
--

HKM, K
, CGC IC

+
K

+
+K

--
K

--
HKM, K

(d)

 [GeV]Tm
0.2 0.4 0.6 0.8 1 1.2

s
/R

o
R

0.6

0.8

1

1.2

1.4

1.6

1.8
, c=0-30%-π-πPHENIX, 

, c=0-5%-π-πSTAR, 
, Glauber ICs-π-πHKM, 
, CGC ICs-π-πHKM, 

+
K

+
+K

--
K

--
PHENIX, K

, Glauber IC
+

K
+

+K
--

K
--

HKM, K
, CGC IC

+
K

+
+K

--
K

--
HKM, K

(e)

 [GeV]Tm
0.2 0.4 0.6 0.8 1 1.2

 [
fm

]
lo

n
g

R

0

1

2

3

4

5

6

7

8

9

10 , c=0-30%-π-πPHENIX, 
, c=0-5%-π-πSTAR, 

, Glauber ICs-π-πHKM, 
, CGC ICs-π-πHKM, 

+
K

+
+K

--
K

--
PHENIX, K

, Glauber IC
+

K
+

+K
--

K
--

HKM, K
, CGC IC

+
K

+
+K

--
K

--
HKM, K

(f)

FIG. 2. (Color online) The transverse momentum spectra of (a) negative pions and (b) negative kaons, all calculated in the HKM model.
The comparison only with the STAR data are presented in the separate small plots. The interferometry radii (c) Rout, (d) Rside and (f) Rlong

and (e) Rout/Rside ratio for π−π− pairs and mixture of K−K− and K+K+ pairs. The experimental data are taken from the STAR [44,45] and
PHENIX [46–48] Collaborations.

dominated space-time region the nonequilibrium EoS is harder
than even in the chemically equilibrated case. This could
reduce the out-to-side ratio for transverse interferometry radii.

The results of the HKM for the pion and kaon spectra,
interferometry radii and Rout/Rside ratio, are presented in
Fig. 2. Because the temperature and baryonic chemical
potential at chemical freeze-out, which are taken from the
analysis of the particle number ratios [29], are more suitable
for the STAR experiment, the HKM results for kaon spectra

are good for the STAR data but not so much for the PHENIX
ones. Note also that, in spite of other studies (e.g., [4]), we
compare our results for the interferometry radii within the
whole measured interval of pT covered at the top RHIC energy.
Finally, one can conclude from Fig. 2 that the description of
pion and kaon spectra and space-time scales is quite good for
both IC, the Glauber and CGC. It is worth noting, however,
that the two fitting parameters α and ε0 are various by 10–20%
for different IC, as is described above.
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※Note that kaon spectra is not  
reproduced well at high mT　	

pion	 kaon	
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Summary-1	

n  Azimuthal HBT radii w.r.t 2nd-order event plane  
² pion εfinal is ~εinitial/2  

ü  Strong expansion to in-plane direction and still elliptical shape. 
² kaon εfinal > pion εfinal  even at the same mT 
² Stronger oscillation of Ro  

n  Comparison of π/K HBT radii 
² Difference of Ro and Rl in most central collisions 
² No significant difference between K+K+ and K-K- 

n  Study with Blast-wave model 
² Freeze-out time ~8 fm/c, Δτ	  ~2fm/c 

ü  Consistent with source imaging analysis 
² π/K difference of mean radii is not explained well 
² Oscillation amplitudes is not reproduced well 

ü  Stronger Ro oscillation is not explained only by flow anisortopy within BW 
n  Comparison with HKM model 

² Qualitatively consistent with larger Ro&Rl of K 
² Supporting longer emission duration of K from Ro/Rs 
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Azimuthal HBT w.r.t 3rd order event plane	

n  Note that anisotropy is not observed in a static source. 

Ψ3

Initial spatial fluctuation	 What is final shape ?	

expansion	

4
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Results & Discussion	

measured size ≈ extent of base of triangle	
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Pion HBT radii w.r.t Ψ3	

n  In 0-10%, strong oscillation of Ro is seen as well as 2nd-order  
n  Rs slightly shows the same sign as Ro in 20-30% unlike 2nd-order	
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Results & Discussion	

opposite sign	

strong oscillation of Rout	

same sign	

Ψ3 

φ	

φ	

Ψ2	



Ta
ka

fu
m

i N
iid

a,
   

 P
hD

 d
ef

en
se

,  
 O

ct
. 2

4,
  2

01
3	

Possible explanation	

n  Gaussian model w/ and w/o 
deformed flow/geometry	
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FIG. 1: (Color online) The difference Ψ3−ψ̄3 between the
triangular flow angle Ψ3 of the emitted particles and the di-
rection ψ̄3 of the triangular hydrodynamic flow anisotropy,
as a function of the geometric triangularity ε̄3, for several
values of the magnitude of the triangular deformation of the
flow velocity, v̄3. The critical value of ε̄3 where Ψ3−ψ̄3 flips
by π/3 is positively correlated with v̄3 but insensitive to the
strength ηf of the radial flow. Due to the symmetry of our
toy model source function (36), 〈〈sin

(

3(Φ−ψ̄3)
)

〉〉=0 always
(see Eq. (15)), and the sign of 〈〈cos

(

3(Φ−ψ̄3)
)

〉〉 distinguishes
between flow angles Φ3 = ψ̄3 and Φ3 = ψ̄3 ± π

3
.

triangular anisotropies in the hydrodynamic flow.

B. HBT oscillations from the toy model

The toy model study presented in this paper was mo-
tivated by recent experimental data from the PHENIX
Collaboration, shown by T. Niida at the Quark Matter
2012 conference [13] and reproduced in Fig. 2. The data
show clear triangular oscillations as a function of the pair

FIG. 2: (Color online) Second and third order oscillations of
R2

s and R2
o measured by the PHENIX Collaboration in cen-

tral (0−10%) 200AGeV Au+Au collisions [13]. For better
visibility, the average values R2

s,0, R
2
o,0 of the two radius pa-

rameters were set by hand to 5 and 10 fm2, respectively, when
plotting the third- and second-order oscillations.

emission angle Φ, with Rs being maximal and Ro min-
imal in triangular flow direction Ψ3. For the selected
almost central Au+Au collisions (0−10% centrality), the
oscillation amplitude for R2

o is much larger than for R2
s.

As already discussed at the end of Sec. II, the observed
small triangular oscillation amplitude R2

s,3 of R2
s cannot

[14] be directly interpreted as evidence for a small geo-
metric triangularity of the source at freeze-out. What,
then, is the correct interpretation of the experimental
observations?

Thick blue: deformed flow field

Thin red: deformed geometry

Ro
2

Rs
2

K!!0.5 GeV

%Π %2Π!3 %Π!3 0 Π!3 2Π!3 Π

5

10

15

20

25

'%$3

R
s,
o
2
"f
m
2 #

FIG. 3: (Color online) Triangular oscillations of R2
s (dashed)

and R2
o (solid) for pion pairs with momentum K⊥ =0.5GeV,

as a function of emission angle Φ relative to the triangular
flow direction Ψ3. Shown are results for two model scenar-
ios: A deformed flow field (v̄3 =0.25) in a spatially isotropic
(ε̄3 =0) density distribution (thick blue lines), and a source
with triangular geometric deformation (ε̄3 =0.25) expanding
with radially symmetric (v̄3 =0) flow (thin red lines). For the
two scenarios the oscillations of both R2

s and R2
oare seen to

be out of phase by π/3.

In Fig. 3 we show triangular oscillations relative to
the triangular flow plane of R2

s and R2
o for pion pairs

with K⊥ =0.5GeV from our toy model, for two opposite
model assumptions: Thin red lines (solid for R2

o, dashed
for R2

s) correspond to a triangular source with spatial
deformation ε̄3 =0.25 expanding radially symmetrically
(v̄3 =0); in this case the triangular flow of the emitted
hadrons is entirely due to the triangular geometric de-
formation which couples to the radial flow profile. Thick
blue lines show the HBT radii from an azimuthally sym-
metric (ε̄3 =0) source density profile, superimposed by
transverse flow with triangular anisotropy v̄3 =0.25. We
make several observations: (i) Due to the symmetry of

the emission function, the coefficients R2(s)
s,3 and R2(s)

o,3 of
the sine terms in Eq. (19) vanish; we therefore drop from
hereon the superscript (c) on the (non-vanishing) cosine

amplitudes R2(c)
s,3 and R2(c)

o,3 . (ii) For both sources, the os-
cillation amplitudes are larger in the outward than in the
sideward direction. (iii) In both cases, the outward and
sideward HBT radii oscillate out of phase by π/3. (i)–
(iii) are in qualitative agreement with the experimental

flow	

deformed flow	 deformed geometry	

geometry	

arXiv:1306.1485 [nucl-th]	

n  Qualitatively agreement with Ro 
oscillation and Rs flatness  

n  Comparison of mT dependence 
(Model calculations are scaled by 0.3) 
² Similar trend of mT dependence of Ro,3

2 

² Rs,3
2 seems to be opposite trend. 

ü  negative value at low mT, and  
goes up to positive value at higher mT	

0.05

0

0.05

-/-/++/+/Au+Au 200GeV 
0-20%

> [GeV/c]T<m
0.5 1-0.1

0.05

0

0.05

20-60% sR oR

> [GeV/c]T<m
0.5 1

triangularly deformed Gaussian model

deformed flow
deformed geometry

2 s,
0

/R
2 s,

3
R

2 o,
0

/R
2 o,

3
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x [fm]
-10 -5 0 5 10

y 
[fm

]

-10

-5

0

5

10 =5 (fm)0=0.06  R3e

Interpretation by Monte-Carlo simulation	

n  Setup of simulation 
² Similar to BW: thermal motion + transverse boost 
² Spatial distribution  

ü  Assuming Woods-Saxon distribution 
ü  Spatial shape controlled by “e3” 

² Transverse flow  
ü  Radial flow with velocity β0 

ü  Flow anisotropy controlled by “β3” 
ü Boost to radial direction 

²  HBT correlation: 1+cos(Δr • Δp) 
²  No Coulomb interaction, no opacity 

n  Other parameters 
² thermal temperature Tf 
² source size R0 
² strength of radial flow β0 
² emission duration Δτ	  
→	  Tuned	  by	  pT	  spectra,	  average	  HBT	  radii	  

 4
5
	

Results & Discussion	

Ψ3,sim	

R = R0(1� e3 cos(3��))

�T = tanh(⇢)

⇢ = tanh

�1
[�0 + �3 cos(3��)](

r

R
)

What does the negative sign of Rs (and the same sign as Ro) mean? 
Need to disentangle both effects of the 3rd-order spatial and flow anisotropy! 
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Oscillation of HBT radii in simulation	

n  Triangular flow makes 
oscillation even for spherical 
source. 

n  Amplitude and sign of the 
oscillation will be determined 
by the balance of the spatial 
and flow anisotropy.	

4
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χ2 minimization for e3 and β3	

n  χ2 is calculated by difference of relative amplitudes of Rs
2 and Ro

2 

² 1σ-contour lines are shown 

 
 

n  e3 is well constrained by Rs, (Rs is less affected by β3) 

² e3 is close to zero in 0-10%, and slightly negative in 20-30% 
² That indicates that initial ε3 is much reduced, and potentially reversed by 

triangular flow under this simulation 
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Centrality [%]
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Theoretical expectation for final triangularity	

n  Initial Glauber for event-by-event cumulants + ideal hydrodynamics 
( PRC83.064904 (2011) ) 

² Forτ>7at fm/c, only ε3 shows negative value. 
² This model also indicate the possibility of reversed triangularity at freeze-out	
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(1
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p T
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(a)

Glauber
Gaussian

with 4th cumulant

 0
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 v
n(

p T
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(b)

Glauber
Gaussian

with 4th cumulant

FIG. 7. (Color online) (a) Spectra in the smooth (optical) Glauber
model compared to the cumulant expansion. The coefficients of the
Gaussian and fourth-order cumulant expansions have been adjusted to
reproduce 〈r2〉, 〈r2 cos 2φ〉 and 〈r4 cos 2φ〉, 〈r4 cos 4φ〉, respectively.
The total entropy of the cumulant expansion is also matched to
the total entropy of the glauber distribution. (b) Elliptic flow in the
Glauber model compared to the cumulant expansion.

second moment

ε2x = −〈r2 cos 2φ〉
〈r2〉

, (3.1)

which is a function of time in general. As the system expands,
the spatial anisotropy decreases and the momentum anisotropy
increases. The momentum anisotropy is traditionally defined
with ε2p:

ε2p ≡
∫

d2x (T xx − T yy)∫
d2x (T xx + T yy)

=
∫

d2x (e + p)u2
r cos 2φu∫

d2x
[
(e + p)u2

r + 2p
] , (3.2)

where ur =
√

(ux)2 + (uy)2 and φu = tan−1(uy/ux). This def-
inition has its flaws since the numerators and denominators
do not transform as components of a tensor under transverse
boosts2 [13]. An alternative definition is found by constructing
an irreducible rank two tensor out of the momentum density
T 0i and the flow velocity uj ,

T 0(iuj ) − traces ≡ 1
2 (T 0iuj + T 0jui − δij T 0lul). (3.3)

Then we define

ε2p =
∫

d2xτ [T 0(xux) − traces]∫
d2xτ [T 00u0]

=
∫

d2x τu0
[
(e + p)u2

r cos 2φu

]
∫

d2x τu0
[
(e + p)u2

r + e
] , (3.4)

which is almost the same as Eq. (3.2). For the triangularity and
dipole asymmetry we define the (reducible) third rank tensor

T 0(iujul) = 1
3!

(T 0iujul + perms). (3.5)

2This flaw is easily remedied by replacing d2x with the fluid three
volume in the local rest frame d%µuµ = d2xdη τu0. The additional
factor of u0 appears naturally below.

-0.4
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 0.4

 0.6

 0.8

 1

 1.2

 2  3  4  5  6  7  8  9  10

ε n
x(

τ )
 / 

ε n
x(

τ o
)

τ(fm)

(a)

Dipole ε1x
Triangular ε3x

Elliptic ε2x

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 2  3  4  5  6  7  8  9  10

ε n
p(

τ)
 / 

ε n
x(

τ o
)

τ(fm)

(b)

Dipole ε1p
Triangular ε3p

Elliptic ε2p

FIG. 8. (Color online) (a) The spatial anisotropy of the entropy
distribution ε1x , ε2x , and ε3x (see text) as a function of time for
b = 7.6 fm. (b) The momentum anisotropy ε1p , ε2p , and ε3p (see
text) as a function of time. The time scale in these figures should be
compared to

√
〈r2〉/cs % 5.4 fm.

Then the traceless (or irreducible) tensor is used to define the
momentum space triangular anisotropy

ε3p ≡
∫

d2xτ [T 0(xuxux) − traces]∫
d2xτ [T 00u0u0]

=
∫

d2x τu0
[
(e + p)u3

r cos 3φu

]
∫

d2xτ [T 00u0u0]
, (3.6)

and the trace is used to define momentum space dipole
asymmetry

ε1p ≡
∫

d2xτ [δj lT
0(xujul)]∫

d2xτ [T 00u0u0]
=

∫
d2x τu0

[
(e + p)u3

r cos φu

]
∫

d2xτ [T 00u0u0]
.

(3.7)

Armed with these definitions, Fig. 8 illustrates the
development of the triangular flow and the dipole asymmetry
as a function of time. As is familiar from studies of the elliptic
flow [17,24], the spatial anisotropy decreases leading to a
growth of the momentum space anisotropy. When the spatial
anisotropy crosses zero, the growth of the momentum space
anisotropy stalls. The figures also indicate that the elliptic
flow, the dipole asymmetry, and the triangularity all develop
on approximately the same time scale τ %

√
〈r2〉/cs .

Another important aspect of the flow is the transverse
radial flow profile. To illustrate this profile we decompose
the transverse flow velocity into harmonics:

ur (r,φ) = u0
r (r) + 2u(1)

r (r) cos(φ) + 2u(2)
r (r) cos(2φ)

+ 2u(3)
r (r) cos(3φ) + · · · . (3.8)

For a radially symmetric Gaussian distribution only the zeroth
harmonic is present and u(0)

r shows a linearly rising flow profile.
When the elliptic deformation is added the second harmonic
also shows a linearly rising profile. Close to the origin this
behavior can be understood with a linearized analysis of the
acoustic waves. The flow velocity in an acoustic analysis is
the gradient of a scalar function ' which can be expanded in
harmonics:

'(r,φ) = '(0)(r) + 2'(2)(r) cos 2φ + · · · . (3.9)

If '(r,φ) is an analytic function of x and y, then '(2)

must be quadratic for small r . Consequently the gradient of

064904-7

b=7.6 fm	

spatial anisotropy	 flow anisotropy	

from BW study	
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Summary-2	

n  3rd-order oscillations of HBT radii were observed. 
² First measurement! 
² Finite Ro oscillation in all centralities 
² Very small Rs oscillation in mid central 

n  Comparison with Gaussian model with deformed flow/geometry 

² mT dependence of Ro oscillation can be qualitatively explained. 
² Ro oscillation will be mainly driven by triangular flow. 

n  Monte-Carlo simulation 

² Rs oscillation is affected by geometry, not so much by flow. 
² χ2 minimization was perfomed  

ü geometrical anisotropy e3 shows zero ~ slightly negative 

4
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Conclusions	

Azimuthal angle dependence of HBT radii was measured w.r.t 2nd 
and 3rd-order event plane in Au+Au collisions at √sNN = 200 GeV 
 
n  Final spatial distribution 

² Initial eccentricity is diluted, but still out-of-plane extended shape. 
² Initial triangularity is significantly diluted, and potentially reversed. 

n  Particle species 
² Freeze-out mechanism may be different between pions and kaons. 
² Result indicates longer emission duration of kaons, which is 

opposite to an intuitive expectation in terms of the cross section. 

5
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Back up	

5
1
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Correlation function C2 is defined as: 	

where P12 is a possibility to measure two particles, and P1(P2) is a possibility  
to measure one particle. ρ(r) is the spatial distribution of particle emitting source. 
Assuming the plane wave for the wave function, C2 is rewritten as:	

ρ（q） : Fourier transform of ρ(r)  
q = p2 - p1	

~	

C2 can be expressed as a function of relative momentum!	

correlation term	

C2 =
P12

P1P2
=

R
dx1dx2⇢(x1)⇢(x2) | 12|2R

dx1⇢(x1) | 1|2
R
dx2⇢(x2) | 2|2

xA	

xB	

P12 / [e

�ip1·(xA�x1)
e

�ip2·(xB�x2)
+ e

�ip2·(xA�x2)
e

�ip1·(xB�x1)
]

2

= [2± e

�ix1(p2�p1)
e

ix2(p2�p1) ± e

ix1(p2�p1)
e

�ix2(p2�p1)
]

/ 1± cos[(x2 � x1) · (p2 � p1)]

C2 = 1±
����
Z

dx⇢(x)eix(p2�p1)

����
2

= 1± |⇢̃(q)|2

5
2
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What do RS and Ro represent ?	

n  Rs is “width” of source 

n  Ro is “thickness” of source 

	

Analysis	

5
3
	

~k
T

=
1

2
(~p

T1 + ~p
T2)

~q
out

k ~k
T

, ~q
side

? ~k
T

Rs ______	
Ro ______	

φ	

R.P	

Opposite sign should be seen !	

Heinz & Kolb, Nucl.Phys. A702 (2002) 269-280 
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Track Reconstruction	

n  Drift Chamber 
² Momentum determination 

n  Pad Chamber (PC1) 

² Associate DC tracks with hit 
positions on PC1 

ü pz is determined  
n  Outer detectors (PC3,TOF,EMCal) 

² Extend the tracks to outer detectors 	

5
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Analysis	

EMC 
(PbSc)	

Drift Chamber	
Pad Chamber	

pT ' K

↵
K: field integral 
α: incident angle	α	

Central Arms	
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Initial spatial anisotropy by Glauber model	

n  Initial eccentricity and triangularity increase with 
centrality going from central to peripheral.	
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Simulation check	
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e3=0	

e3=0.1	

n  Static source 
²  No oscillation  

for triangular shape 
n  Expanding source 

² Triangular shape 
ü Oscillation appears !  

² Spherical shape 
ü β3 makes oscillation !  
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Static	

Expanding	

Expanding	

Static	
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Initial vs Final source eccentricity	

n  2nd-order oscillation is sensitive to final eccentricity 
² final ε2 ≈ initial ε2 
² Strong expansion to in-plane direction, and instant emission 

n  3rd-order oscillation affected by spatial and flow 
anisotropy 
² Smaller than 2nd-order  
² Initial triangular shape may be reduced by triangular flow 	
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Centrality dependence of kaon HBT radii w.r.t Ψ2 	
Results & Discussion	

n  Result of charged kaons show similar trends!	
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mT dependence of relative amplitude	

n  Relative amplitude of Rside and Rout show mT dependence 
² Ro in 0-20%doesn’t depend on mT ? 

n  Difference between π/K is similar for other parameters 

Geometric info.	 Temporal+Geom.	

Temporal+Geom.	
in-plane	

out-of-plane	
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Results & Discussion	
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n  Boost angle is set to be : 
² radial direction of the particle position (radial boost) 
² perpendicular to the surface which is similar condition with BW 

( PRC70, 044907 (2004) ) (surface boost) 
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HBT vs Higher Harmonic Event Plane	

n  The idea is to expand azimuthal HBT to higher 
harmonic event planes. 
² may show the fluctuation of the shape at freeze-out. 
² provide more constraints on theoretical models about 

the system evolution.	

Ψ3	

S.Voloshin at QM2011 
T=100[MeV], ρ=r’ρmax(1+cos(nφ)) 	

Hydrodynamic model calculation	

6
1
	

Introduction	
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Image of initial/final source shape 	

6
2
	



Ta
ka

fu
m

i N
iid

a,
   

 P
hD

 d
ef

en
se

,  
 O

ct
. 2

4,
  2

01
3	

Centrality dependence of v3 and ε3	

n  Weak centrality dependence of v3 

n  Initial ε3 has centrality dependence	

v3  
@ pT=1.1GeV/c	

PRL.107.252301	

ε3	
ε2	

v3	
v2	

Npart	

🍙 Final ε3 has any centrality dependence?	

S.Esumi	  @WPCF2011	

6
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v3 breaks degeneracy	

n  v3 provides new constraint on hydro-model parameters 
²  Glauber & 4πη/s=1  : works better  
²  KLN & 4πη/s=2        : fails	

best resolution, are employed. The systematic uncertainties
for these measurements were estimated by detailed com-
parisons of the results obtained with the RXN, BBC,
and MPC event-plane detectors and subevent selections.
They are !3%, !8% and !20% for v2f!2g, v3f!3g, and
v4f!4g, respectively, for midcentral collisions and increase
by a few percent for more central and peripheral collisions.
Through further comparison of the results obtained with
the RXN, BBC, and MPC event-plane detectors, pseudor-
apidity dependent nonflow contributions that may influ-
ence the magnitude of vnf!ng, such as jet correlations,
were shown [9] to be much less than all other uncertainties
for v2f!2g and v4f!2g.

The vnf!ng values shown in Fig. 2 increase with pT for
most of the measured range, and decrease for more central
collisions. The v2f!2g increases as expected from central
to semiperipheral collisions, following the expected in-
crease of "n with impact parameter [19,27,28]. The
v3f!3g and, albeit with less statistical significance, also
the v4f!4g appear to be much less centrality dependent,
with v3 values comparable to v2f!2g in the most central
events. This behavior is consistent with Glauber calcula-
tions of the average fluctuations of the generalized ‘‘trian-
gular’’ eccentricity "3 [25,26]. The Fig. 2 panels (b) and (d)
show comparisons of v2f!2g and v3f!3g to results from
hydrodynamic calculations. The pT and centrality trends
for both v2f!2g and v3f!3g are in good agreement with the
hydrodynamic models shown, especially at pT below
" 1 GeV=c.

Figure 3 compares the centrality dependence of v2f!2g
and v3f!3g with several additional calculations, demon-
strating both the new constraints the data provide and also
the robustness of hydrodynamics to the details of different
model assumptions for medium evolution. Alver et al. [27]
use relativistic viscous hydrodynamics in 2þ 1 dimen-
sions. Fluctuations are introduced for two different initial

conditions. For Glauber initial conditions, the energy den-
sity distribution in the transverse plane is proportional to a
superposition of struck nucleon and binary-collision den-
sities; in MC-KLN initial conditions the energy density
profile is further controlled by the dependence of the gluon
saturation momentum on the transverse position [16,17].
The Glauber-MC and MC-KLN initial state models are
paired with the values 4!"=s ¼ 1 and 2, respectively, to
reproduce the measured v2f!2g [8]. The viscosity differ-
ence compensates for the !20% difference between the
initial "2 values associated with each model. The two
models have similar "3, and thus the larger viscosity
needed with MC-KLN calculations to match v2, leads to
a much lower v3 than obtained with Glauber MC calcu-
lations. Consequently, our measurement of v3f!3g helps to
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FIG. 2 (color online). vnf!ng vs pT measured via the reaction-plane method for different centrality bins; 0%–10% are the most
central collisions. Shaded (gray and pink) and hatched (blue) areas around the data points indicate sizes of systematic uncertainties.
The curves in panels (b) and (d) are predictions for v2f!2g and v3f!3g from two hydrodynamic models, both using Glauber initial
conditions and 4!"=s ¼ 1, Alver et al. [27] and Schenke et al. [32].
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PHENIX
/s = 2ηπKLN + 4
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FIG. 3 (color online). Comparison of [(a) and (b)] v2f!2g vs
Npart and [(c) and (d)] v3f!3g vs Npart measurements and

theoretical predictions (see text): ‘‘MC-KLN þ 4!"=s ¼ 2’’
and ‘‘Glauberþ 4!"=s ¼ 1 (1)’’ [27]; ‘‘Glauber þ 4!"=s ¼ 1
(2)’’ [32]; and ‘‘UrQMD’’ [29]. Shaded areas (magenta) around
the data points indicate sizes of systematic uncertainties.
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Interpretation by Blast wave model	
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7 free parameters 
 

Tf       : temperature at freeze-out 
ρ0, ρ2  : transverse rapidity  
Rx, Ry  : transverse sizes (shape) 
τ0,	  Δτ  : freeze-out time, emission duration 
 

Results & Discussion	

PRC 70, 044907 (2004) 

dN

d⌧
⇠ exp

✓
� (⌧ � ⌧0)2

2�⌧2

◆

r̃ =

s

(

r cos(�)

R
x

)

2
+ (

r sin(�)

R
y

)

2

n  Hydrodynamic model assuming radial flow 
² Well described pT spectra & elliptic flow at low pT  
² Assuming freeze-out takes place for all hadrons 

at the same time 
² Freeze-out condition is treated as free parameters. 

* box profile is assumed as spatial density	

�T =tanh(⇢)

⇢(r,�) =r̃[⇢0 + ⇢2cos(2�)]

²  Assuming a Gaussian distribution peaked at τ0 and with a width Δτ,  
and source size doesn’t change with τ.#

²  Spatial(Ry/Rx) and flow(ρ2) anisotropy make HBT oscillation.	
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pion BW fit vs kaon BW fit	

n  Fit only for kaon data shows 
longer Δτ,	  while mT dependence 
of mean radii is not reproduced. 
² azimuthal kaon data used in the 

fit has only a data point in kT.	
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Comparison of models and the past HBT results	

Introduction	

★ STAR, Au+Au 200 GeV  
 
□  First-order phase transition with 
       no prethermal flow, no viscosity 
■  Including initial flow 
▲  Using stiffer equation of state 
●  Adding viscosity 
○  Including all features 

6
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PRL.102, 232301(2009)	

Hydrodynamic model can reproduce  
the past HBT result! 
HBT can provide constraints on the model!	
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Imaging analysis from STAR	
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FREEZE-OUT DYNAMICS VIA CHARGED KAON . . . PHYSICAL REVIEW C 88, 034906 (2013)
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FIG. 4. (Color online) Transverse mass dependence of Gaussian
radii (a) Rout, (b) Rside, and (c) Rlong for midrapidity kaon pairs
from the 30% most central Au + Au collisions at

√
sNN = 200 GeV.

STAR data are shown as solid stars; PHENIX data [10] are shown
as solid circles (error bars include both statistical and systematic
uncertainties). Hydrokinetic model [23] with initial Glauber condition
and Buda-Lund model [22] calculations are shown by solid squares
and solid curves, respectively. The dotted line between the solid
squares is to guide the eye. For comparison purposes, we also plot the
result from the 20% most central Au + Au collisions as open stars.
Panel (d) shows corresponding experimental values of the Gaussian
fit parameter λ.

Buda-Lund and HKM. The Gaussian radii in the outward
and sideward directions are adequately described by both
models over the whole interval. However, there is a marked
difference between the HKM and the Buda-Lund predictions
in the longitudinal direction, with the deviation becoming
prominent for mT < 0.7 GeV/c2, where the new STAR data
reside. Our measurement at 0.2 ! kT ! 0.36 GeV/c clearly
favors the HKM model as more representative of the expansion

dynamics of the fireball, despite the fact that the Buda-Lund
model describes pion data in all three directions. Hence, exact
mT scaling of the Gaussian radii in the longitudinal direction
between kaons and pions observed at lower energies [25] is
not supported by our measurements.

V. CONCLUSIONS

In summary the STAR Collaboration has extracted the 3D
source function for midrapidity, low-transverse-momentum
kaon pairs from central Au + Au collisions at

√
sNN =

200 GeV via the method of Cartesian surface-spherical
harmonic decomposition. The source function is essentially
a 3D Gaussian in shape. Comparison with Therminator model
calculations indicates that kaons are emitted from a fireball
whose transverse dimension and lifetime are consistent with
those extracted with two-pion interferometry. However, the 3D
source function shapes for kaons and pions are very different.
The narrower shape observed for the kaons indicates a much
smaller role of long-lived resonance decays and/or of the
exponential emission duration width "τ on kaon emission.
The Gaussian radii for the kaon source function display a
monotonic decrease with increasing transverse mass mT over
the interval 0.55 ! mT ! 1.15 GeV/c2. In the outward and
sideward directions, this decrease is adequately described
by mT scaling. However, in the longitudinal direction, the
scaling is broken. The results are in favor of the hydrokinetic
predictions [23] over pure hydrodynamical model calculations.
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TABLE I. Parameters obtained from the 3D Gaussian source function fits for the different datasets. The first errors are statistical, the second
errors are systematic.

Year 2004 + 2007 2004
Centrality 0%–20% 0%–30%

kT (GeV/c) 0.2–0.36 0.2–0.36 0.36–0.48

Rx (fm) 4.8 ± 0.1 ± 0.2 4.3 ± 0.1 ± 0.4 4.5 ± 0.2 ± 0.3
Ry (fm) 4.3 ± 0.1 ± 0.1 4.0 ± 0.1 ± 0.3 3.7 ± 0.1 ± 0.1
Rz (fm) 4.7 ± 0.1 ± 0.2 4.3 ± 0.2 ± 0.4 3.6 ± 0.2 ± 0.3
λ 0.49 ± 0.02 ± 0.05 0.39 ± 0.01 ± 0.09 0.27 ± 0.01 ± 0.04
χ 2/ndf 497/289 316/283 367/283

using a double-Gaussian fit. Note that the latter becomes
important for large r values only.

C. Expansion dynamics and model comparison

The source function profile S(ry) in the side direction
reflects the mean transverse geometric size of the emission
source, while the source lifetime determines the extent of the
source function profile S(rz) in the long direction. Being in
the direction of the total pair transverse momentum (hence
the direction of Lorentz boost from the LCMS to PCMS
frame), the source function profile in the out direction S(rx) is
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FIG. 2. (Color online) Kaon correlation function profiles (circles)
for midrapidity, low-transverse-momentum kaon pairs from the 20%
most central Au + Au collisions at

√
sNN = 200 GeV (a) C(qx) ≡

C(qx, 0, 0), (b) C(qy) ≡ C(0, qy, 0), and (c) C(qz) ≡ C(0, 0, qz) in
the x, y, and z directions. The curves denote the Gaussian fit profiles.

characterized by the kinematic Lorentz boost, mean transverse
geometric size, as well as source lifetime and particle emission
duration. To disentangle these various contributions, the Monte
Carlo event generator Therminator [15] is used to simulate the
source breakup and emission dynamics.

The basic ingredients of the Therminator model employed
in the analysis are (1) Bjorken assumption of longitudinal
boost invariance; (2) blast-wave (BW) expansion in the
transverse direction with transverse velocity profile semilinear
in transverse radius ρ [16], vr (ρ) = (ρ/ρmax)/(ρ/ρmax + vt ),
where vt = 0.445 is obtained from BW fits to particle spectra
[17]; (3) after a proper lifetime τ , a thermal emission of
particles takes place from the source elements distributed in
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FIG. 3. (Color online) Kaon source function profiles extracted
from the data (solid circles with error band) and 3D pion source func-
tion (squares) from PHENIX [9] together with Therminator model
calculation for kaons with indicated parameter values (triangles).
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n  Centrality / mT dependence have  
been measured for pions and kaons  

²  No significant difference  
between both species 

The past HBT Results for charged pions and kaons 	
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Model predictions	

S.Voloshin at QM11 
T=100[MeV], ρ=r’ρmax(1+cos(nφ)) 	

Blast-wave model	 AMPT	

Out	

Side	

S.Voloshin at QM11 

Side	

Out	

Both models predict weak oscillation will be seen in Rside and Rout. 	

n=2 
n=3	

Out-Side	

7
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Extracted parameters  
by different Blast wave model	
n  Blast wave fit was performed for spectra and vn 
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Flow anisotropy ρ2 and ρ3 
have similar trend !	
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Time evolution of higher harmonic flow	

7
2
	

Ideal hydrodynamic calculation 
(Nonaka, correlation 2013)	

C.)NONAKA)

Time'Evolu5on'of'vn�

v2)is)dominant.)�
Smoothed)IC� Fluctua/ng)IC�

vn)becomes)finite.)�
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Interaction cross section	
n  Try looking at HBT radii for K+K+ and K-K- separately 

because they have different interaction cross section on nucleons. 
n  If π/K difference is due to the hadron rescattering with different 

cross sections, the difference may be also seen in positive and 
negative kaon pairs. 
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mT = 0.8 ~ 1.0 GeV/c 
→kT (π) = 0.69 ~ 1.1,  kT(K) = 0.5 ~ 1.0  
(kT = (pT1+pT2)/2) momentum [GeV/c]
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Effect of Opacity	
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Transverse Momentum Dependence of Hanbury Brown-Twiss Radii 101

not reduce Rout so much. From Fig. 6, some increase of the emissivity at the edge
can be seen due to the cutoff of time-like surface emission. (Also, as seen from Fig. 1,
surface elements at the edge naturally have a time-like part.) This fact results in
the slight increase of Rside for small kT, because Rside can be considered the width
of the source along the y direction.

In the present paper, we have demonstrated that a naive opaque emission model
in which we forbid emissions through dense media does not account for the “HBT
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simply ignored for the better understanding of the opacity effect. The following
approximate expressions for the HBT radii in terms of second-order moments of the
source function are convenient:33)

R2
side(k) = 〈r̃y

2〉, (6)

R2
out(k) = 〈(r̃x − β⊥t̃)2〉

= 〈r̃x
2〉 − 2β⊥〈r̃xt̃〉 + β2

⊥〈t̃2〉. (7)
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Opacity leads to a small decrease of Ro at low kT 
and a small increase of Rs at low kT.	

K. Morita, S. Muroya, Prog. Theor. Phys. 111, 93 (2004)	
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FIG. 3. (Color online) The φp-integrated emission functions of (a,b,c) negative pions and (d,e,f) negative kaons with different momenta:
(a,d) pT = 0.2 GeV, (b) pT = 0.85 GeV, (e) pT = 0.7 GeV, and (c,f) pT = 1.2 GeV at the Glauber IC. The values of pT in the middle row
(b,e) correspond to the same transverse mass for pions and kaons mT = 0.86 GeV.

The special attention acquires a good description of the
pion and kaon longitudinal radii together with the Rout/Rside
ratio, practically, within the experimental errors. Such an
achievement means that the HKM catches the main features
of the matter evolution in A + A collisions and correctly
reproduces the homogeneity lengths in the different parts of
the system that are directly related to the interferometry radii
at the different momenta of the pairs [2]. In this connection it
is valuable to show the structure of the emission function for
pions and kaons.

In Fig. 3 we illustrate the space-time structure of the
particle emission at the Glauber IC for different transverse
momenta of particles, with the longitudinal momenta close
to zero. The space-time picture of particle liberation is

quite different for different transverse momenta: For the soft
particles the maximal emission occurs close to the cental part
and happens at relatively later times, while the most of the hard
particles are emitted from the periphery of the system at early
times. In fact (see also Refs. [6,42]), the temperatures in
the regions of the maximal emission are quite different for
different pT ; they are for pions T ≈ 75–110 MeV for pT =
0.2 GeV/c and T ≈ 130–135 MeV for pT = 1.2 GeV/c.
So, if one uses the generalized Cooper-Frye prescription
[6,42] applied to the hypersurfaces of the maximal emission,
these hypersurfaces will be different for the different particle
momenta and do not correspond to common isotherm [6,42].

One can see in Fig. 3 (top panels) that at equal transverse
momentum pT the maximal emission of kaons happens earlier

054903-12

negative pion	 negative kaon	

pT=0.2GeV/c	

pT=1.2GeV/c	

mT=0.86GeV/c	
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FIG. 7: The mean (a) emission time, (b) number of collisions,
(c) emission radius, and (d) spatial anisotropy s2 (see Eq. 20)
as a function of particle mass with and without the RQMD
hadronic after-burner. The averages are taken over the points
of last interaction for AuAu collisions at b=6 fm at RHIC. In
(a) and (c), τo, and Ro label the mean emission time and
radius of the φ meson. vT denotes the freezeout drift velocity
of Eq. 19.

distribution. Fig. 7(d) shows s2 without re-scattering but
with resonance decays (Hydro Only) and with hadronic
re-scattering (Hydro+RQMD). The initial elliptic flow
(v2) changes the overall geometry (s2) by the end of the
RQMD stage. At the end of the hydrodynamic stage
s2 is negative, indicating that the source retains at least
some of its initial almond distribution. s2 becomes posi-
tive as the system evolves and the momentum asymmetry
changes the source geometry. For nucleons, s2 is almost
+3% for modest impact parameters; this may have ob-
servable consequences [64].

D. Impact Parameter Dependence of the Space
Time Evolution

In the previous section, we discussed how hadronic
cross sections control the lifetime and geometry of the
final hadronic distributions. Now the impact parame-
ter is varied and the freezeout distributions are modified.
In non-central collisions, the number of charged parti-
cles scales as the number of participants; therefore the
lifetime of the hadronic stage should also scale as the
number of participants. However, the hadronic lifetime
is also a function of the cross section, the radius, and
the expansion rate (∂µUµ). These depend respectively
on the particle species, the r.m.s. radius of the initial
geometry, and the EOS. In Fig. 8, the different contribu-
tions to the total lifetime are studied. We plot the mean
emission time < τ >, divided by size RGlauber

rms , as a func-
tion of the number of participants for different particles
and EOS. To set the absolute scale, the “free” axes show
< τ > directly at two impact parameters.

Consider first the LH8 curves (a): The total lifetime
for all particle species falls by approximately 30% from
central (b=0 fm) to peripheral (b=8 fm) collisions. The
order of particle emission remains as the impact param-
eter is varied: First rare species (φ, Ω) are emitted, then
mesons (π, K) and finally baryons (N, Λ). For the φ,
which is representative of the hydrodynamic stage, the
curves in Fig. 8(a) are flat at the 15% level, indicating
that the total lifetime scales roughly with the size of the
overlap region. For pions, the total lifetime also scales
with Rrms. For protons, indicative of baryon emission,
the total lifetime does not quite scale as Rrms but rather
depends on the absolute number of charged particles in
addition to the geometry. This is natural since the freeze-
out of protons is controlled by the formation of ∆ reso-
nances.

For LH∞, 〈τ〉/Rrms does change more rapidly than for
LH8 This is especially true for nucleons. However, for φ
and π the difference in the Np dependence of 〈τ〉/Rrms

is small and to a reasonable approximation, the lifetimes
of φ and π scale with RGlauber

rms for all EOS. Changing the
EOS simply moves the various curves up and down on
Fig. 8 (a) and (b). A RG EOS was also studied (not
shown) and the lifetime and Np dependence were quite
similar to LH8.
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(c) emission radius, and (d) spatial anisotropy s2 (see Eq. 20)
as a function of particle mass with and without the RQMD
hadronic after-burner. The averages are taken over the points
of last interaction for AuAu collisions at b=6 fm at RHIC. In
(a) and (c), τo, and Ro label the mean emission time and
radius of the φ meson. vT denotes the freezeout drift velocity
of Eq. 19.

distribution. Fig. 7(d) shows s2 without re-scattering but
with resonance decays (Hydro Only) and with hadronic
re-scattering (Hydro+RQMD). The initial elliptic flow
(v2) changes the overall geometry (s2) by the end of the
RQMD stage. At the end of the hydrodynamic stage
s2 is negative, indicating that the source retains at least
some of its initial almond distribution. s2 becomes posi-
tive as the system evolves and the momentum asymmetry
changes the source geometry. For nucleons, s2 is almost
+3% for modest impact parameters; this may have ob-
servable consequences [64].

D. Impact Parameter Dependence of the Space
Time Evolution

In the previous section, we discussed how hadronic
cross sections control the lifetime and geometry of the
final hadronic distributions. Now the impact parame-
ter is varied and the freezeout distributions are modified.
In non-central collisions, the number of charged parti-
cles scales as the number of participants; therefore the
lifetime of the hadronic stage should also scale as the
number of participants. However, the hadronic lifetime
is also a function of the cross section, the radius, and
the expansion rate (∂µUµ). These depend respectively
on the particle species, the r.m.s. radius of the initial
geometry, and the EOS. In Fig. 8, the different contribu-
tions to the total lifetime are studied. We plot the mean
emission time < τ >, divided by size RGlauber

rms , as a func-
tion of the number of participants for different particles
and EOS. To set the absolute scale, the “free” axes show
< τ > directly at two impact parameters.

Consider first the LH8 curves (a): The total lifetime
for all particle species falls by approximately 30% from
central (b=0 fm) to peripheral (b=8 fm) collisions. The
order of particle emission remains as the impact param-
eter is varied: First rare species (φ, Ω) are emitted, then
mesons (π, K) and finally baryons (N, Λ). For the φ,
which is representative of the hydrodynamic stage, the
curves in Fig. 8(a) are flat at the 15% level, indicating
that the total lifetime scales roughly with the size of the
overlap region. For pions, the total lifetime also scales
with Rrms. For protons, indicative of baryon emission,
the total lifetime does not quite scale as Rrms but rather
depends on the absolute number of charged particles in
addition to the geometry. This is natural since the freeze-
out of protons is controlled by the formation of ∆ reso-
nances.

For LH∞, 〈τ〉/Rrms does change more rapidly than for
LH8 This is especially true for nucleons. However, for φ
and π the difference in the Np dependence of 〈τ〉/Rrms

is small and to a reasonable approximation, the lifetimes
of φ and π scale with RGlauber

rms for all EOS. Changing the
EOS simply moves the various curves up and down on
Fig. 8 (a) and (b). A RG EOS was also studied (not
shown) and the lifetime and Np dependence were quite
similar to LH8.
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FIG. 6: The fraction of pions emitted into RQMD per unit
of time relative to the last instant(τmax) that the matter is
evolved by hydrodynamics.

the development of elliptic flow but then the hadronic
phase rapidly completes the development. The differ-
ences in the early acceleration tend to get washed out
by the hadronic stage. Indeed, even LH∞ has a rea-
sonable radial and elliptic flow by Tf = 120 MeV. The
extent to which signatures of the early QGP accelera-
tion remain in the final spectra depends on whether the
freezeout temperature should be taken as Tf = 120 MeV
or Tf = 160 MeV. The breakup of a heavy ion collision
can only be addressed with hadronic cross sections and
expansion rates.

C. RQMD – Input and Response

Relativistic Quantum Molecular Dynamics (RQMD)
[36] is a hadronic transport computer code which incor-
porates many known hadronic cross sections. RQMD
has been used extensively to model the heavy ion dy-
namics [34, 60, 61, 62, 63]. Briefly, when two particles
come within d <

√

σ/π, they elastically scatter or form a
resonance. Resonance formation and decay dominate the
evolution. The principal reactions are ππ → ρ, π N → ∆,
π K → K∗, and π Λ → Σ∗. Only binary collisions are
considered in this hadron cascade. Before discussing the
response of RQMD, we first consider the input.

The time distributions are found by projecting the en-
tropy distribution on the switching isotherm eH in Fig. 3
(or T = 160 MeV) onto the τ axis. In Fig. 6 the frac-
tion of pions (or entropy) injected into RQMD per unit
τ is plotted as a function τ/τmax for each EOS. For LH8,
very few particles are evaporated from space-like surfaces

at early times, and at τ/τmax ≈ 0.8 (τ ≈ 9 fm/c) parti-
cles are emitted in bulk from the time component of the
switching surface. For LH∞, particles are continuously
evaporated from the transition surface and the radius
slowly decreases. Therefore, the time distribution is rel-
atively uniform. Finally for a RG EOS, the freezeout
surface is not box-like and particles are also emitted into
RQMD slowly and continuously.

Now consider the dynamic response of the hadronic
cascade. For LH8, the hydrodynamic input into RQMD
can be characterized as a simple thermal model with a
linearly rising flow profile with a uniform radial distribu-
tion except at the edge of the distribution where there is
a small maximum. Once this input distribution is taken,
the hadrons re-scatter within RQMD and different parti-
cles decouple from the cascade at different times. Fig. 7
(a) plots the mean emission time < τ > (the time of
last interaction) versus the mass of the particle species.
Also shown is < τ >, when all collisions in RQMD are
switched off and only resonance decays are allowed. The
mean number of collisions experienced by a particle is
shown in Fig. 7 (b). The mesons scatter approximately
once after their principal resonances (ρ, K∗, etc.) decay
and decouple around τ ≈ 14 fm/c. In contrast, due to
strong meson-baryon resonances ∆, Σ∗, ... , nucleons and
hyperons (Λ and Σ) scatter approximately twice and de-
couple around τ ≈ 18 fm/c. The φ and Ω− are emitted
directly from the phase boundary since they have small
hadronic cross sections.

The duration of the hadronic stage dictates the spatial
extent of the final source. In Fig 7 (c), the mean radius
is shown as a function of particle mass with and without
re-scattering in the hadronic cascade. For comparison,
we apply the simple formulas: We assume all particles
are emitted from the switching surface at a mean radius
Ro and a mean time τo, with a constant radial velocity vT

(see Fig. 7 (a) and (c)). Since φ is emitted directly from
the switching surface, Ro =〈Rφ〉 and τo = 〈τφ〉. With
the formula distance = velocity × time, we have

〈R〉x = Ro + vT (〈τx〉 − τo), (19)

where 〈R〉x (τx) is the freezeout radius (time) of particle
x and vT is the freezeout drift velocity. This velocity
incorporates a thermal drift velocity and the flow velocity
of the source. Given a constant velocity as a function of
mass vT ≈ .42 c, a very simple fit to the freezeout radii
is obtained, as shown in Fig. 7(c). Thus, hadronic cross
sections dictate the final freezeout radii of the source.

Hadronic cross-sections also dictate the spatial geome-
try in non-central collisions. In non-central collisions the
ellipticity of the source at freezeout is quantified by the
spatial anisotropy,

s2 =

〈

x2 − y2

x2 + y2

〉

. (20)

Here, the averages are taken over points of last interac-
tion in the cascade. s2 is negative for the initial almond-
shaped distribution but positive for a cucumber-shaped

Hydro only (including resonance decay) 
vs 
Hydro + hadronic rescattering	


