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LECTURE NOTES IN PHYSICS 785 T
The Physics of the
Quark-Gluon Plasma
1 Introduction and Disclaimer ,l\

Introductory Lectures

The main purpose of the lecture was to lead students and young postdocs to the
frontier of the hydrodynamic description of relativistic heavy-ion collisions (H.I.C.)
in order for them to understand talks and posters presented in the Quark Matter
2008 (QMO8) conference in Jaipur, India [1]. So the most recent studies were not
addressed in this lecture as they would be presented during the QMOS8 conference
~: Springer itself. Also, we try to give a very pedagogical lecture here. For the readers who may
want to study relativistic hydrodynamics and its application to H.I.C. as an advanced
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Hydrodynamlcs
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e Framework to describe space-time
evolution of thermodynamic variables

e Balance equations (equations of motion,
conservation law)

+ equation of state (matter property)
+ constitutive equations (phenomenology)
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Energy-momentum conservation

okl . Energy-Momentum tensor
: Current conservation

peie
8NE = O |

_Z\fz'u " The i-th conserved current

In H.I.C., N* = N _* (net baryon current)
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Tensor/Vector Decomposition
'i-';nsordecorr.\positioﬁ- \);/ith aég-iven tiir;e;like :

and normalized four-vector u*
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“Projection” Tensor/Vector
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eu is local four flow velouty. More precise
meaning will be given later.

eu is perpendicular to AW,

U - — uulg =—wlw F—8

el ocal rest frame (LRF):

’u’llfRF e (1707070)7
digg(y, —1 =1 iy

eNaively speaking, u* (A%) picks up time-
(space-)like component(s).
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Intuitive Plcture of Projection
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ub ()
time like
flow vector
field
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Decomposition of T

— uuTW/uV :Energy density

= A“O‘Taﬁuﬁ :Energy (Heat) current

— T</“/> :Shear stress tensor

— —EAW/T‘“’ :(Hydrostatic+bulk) pressure

3 P=P_+II

<...>: Symmetric, traceless and transverse to ut & u
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Decomposmon of NM
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n; = uyN!  :charge density
VL'M = AF_ N! .charge current
/ Q. Count the number of unknowns \

in the above decomposition and confirm
that it is 10(T*)+4k(N*).
Here k is the number of independent currents.
Note: If you consider u" as independent variables,
you need additional constraint for them.
If you also consider P, as an independent
variable, you need the equation of state P.=P_(e.n).
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Ideal and Dlssmatlve Parts
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Meaning of u

u* is four-velocity of “flow”. What kind of flow?
Two major definitions of flow are

1. Flow of energy (Landau)

Ko v
= S olig = lT“ uY

L \/ 6" 'BT S e 1

SE oGyl
2. Flow of conserved charge (Eckart)

7 Ll
Upi=s %
vV Ny, N




Meaning of u (contd )
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Landau Eckart
(Wu=0, uL“V =0) (V=0 uEMW =0)
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Just a choice of local reference frame.
Landau frame can be relevant in H I C
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Relation btw.
Landau and Eckart
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Relation btw.
Landau and Eckart (contd. )

R e TR A N N SR R~

e ﬁ
WE Ap Thpup

JHN
v.l'
™t

o T s N s S

—(eg + P(e))e" yul + O(2)

ST
GV’LLLN

Q) Q)
AR

v
M= rx
e
R ay
Bl
ms

Q)
s
|
4 o
-
- by
{0
S
N
N’



A T SR A s ! « T3 AL ST ' AR RUSS
ol "A:f‘f"c'.),!‘()"f{\’r, 1 , .' “) } 3 4‘ Ly ’ \1 ‘ 3 A‘f:‘c;:"""?.."‘.'.'f y Lok

Entropy Conservatlon
In Ideal Hydrodynamlcs

A R B N T S A

= -y

Neglect “dissipative part” of energy momentum
tensor to obtain “ideal hydrodynamics”.

O 'U/yalu,T(l)le

T (ut0ys + soyut)

+p(utoyn + noyut)
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Therefore, 39,S* = 0y(sut) =0

l Q. Derive the above equation. I
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Entropy Current

-

(41 Assumption (1% order theory):
Non-equilibrium entropy current vector has

| linear dissipative term(s) constructed from

(V¥ IT, T, (uv)).

-‘%’; St = sut 4+ aVH* 4 BWH 4 ~luH
L
?;;.;,-,_j (Practical) Assumption:
eLandau frame (omitting subscript “L”).
i *No charge in the system.
& Thus, o = 0 since N* =0, W" = 0 since considering

the Landau frame, and y = 0 since u,, S* should

VA '."-‘i!r.'n":'w oy V UA YL o (\VJ‘ “ “ A '5 ,5\ r.~ STy J‘\ H 1) )

be maximum in equilibrium stablllt condmon
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The 2"9 Law of Thermodynamics
and Constltutlve Equatlons

A R e BN A T SR R

-

The 2" thermodynamic law tellsus ~ 9,,S* > O

179,S" = T(u!ous+ souu”)
Y
Sk 8, TF. =0
—'U,yalu,(sT'u’V £

[ Q. Check the above calculation. ]
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Constitutive Equatlons (contd )

A R B N T S A

% = 277V<“u’/>, [N = —¢ouut

-y

| Thermodynamic | Transport
force coefficient

| XHY — k) U
i cwton tensor shear Y

“Current”

Stokes scalar bulk I

:’ 1% 2
T8,5" = 25— 4 >0 (n¢>0)
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Equatlon of Motion

e = —(e+Ps+M)o+ Wuvau’/)
BA 0095T°F = O

i (e + Ps + Ma* — 7H%q

= VH(Ps + M) — AF*VFr g

ot = uPD+VHE (VE = AMH,)
D = wu, 0" : Lagrange (substantial)

derivative
8 u“ Expan5|on scalar(Dlvergence)
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Equation of Motion (contd )

% A R B N N B AR T B SR S il IRt S

7 B
- Q. Derive the above equations of motion

i .
| 5 from energy-momentum conservation. =

| Note: We have not used the constitutive
& equations to obtain the equations of motion.
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Intuitive Interpretatlon of EoM

A R B N T S A .

e — —(e—I—PS—l—I_I)H—I—ﬂw/V “u5

|—|2
— 0. P | v T
G 2mn

—ef — Paf +¢(~0)° + 2n(V¥iu1)"

| Change of volume
| +Dilution

- | *Compression 0 = V/V i

‘Work done by pressure

Production of entropy | '!

. < ek
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Conserved Current Case

—n/n

L

ﬁ@ ;

const. = nV
nVvV 4+ nV
—n/n=V/V
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Lessons from (Non-ReIativistic)

% Navier-Stokes Equation

e R R AN SR S i = -
*\; Assuming |ncompre55|ble fluids such that

s;ﬁ divi = 0 Navier-Stokes eq. becomes

|';|"': / e =
Dy = --VP +4-'v2g 1

b / '0 L : = ,’&\

b : Diffusion of flow
Source of flow (Kinematic viscosity, n/p,
& (pressure gradient) plays a role of diffusion
) constant.) :

Final flow velocity comes from interplay
between these two effects
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Generatlon of Flow

BRI S S ks SUSSS S S SN O T e BT ol W ST S b
1 =
Dv = ——VP
P
P 4
Pressure gradient
— T
Expa pand Source of flow
=» Flow phenomena
: are important in H.I.C

to understand EOS .




lefusmn of Flow

R R B A SN B i e P et st
D7 = + —v26
o,
oT -
B KJVQT Heat equation =
ot (x: heat conductivity

~diffusion constant)
For illustrative purpose, one discretizes the

equation in (2+1)D space:
T; i(t + At) =1T; ;(t)

 ArAt ([ Tia j+ T -1+ T 5+ T4 541
' (Ax)?
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lefusmn ~ Averaging
~ Smoothing

e R R P A IR SR N =

R.H.S. of descretized heat/dlffusmn eq.

gt Lt Ly T Ly sl
(4

' (Ax)? 4 =

Yy
O
=—0 subtract ) [} .
®
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X X

=, Suppose T;; is larger (smaller) than an average value
~around the site, R.H.S. becomes negative (positive).
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Shear Vlsc03|ty Reduces
%ﬁ Flow Difference

A R B N T S A

Shear flow
e (gradient of flow)

e s

Smoothing of flow

Mg
i
’.' .I o)

Next time step
Microscopic interpretation can be made.
Net momentum flow in space-like direction.
—> Towards entropy maximum state.
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Necessity of Relaxation Time |

Non- reIatIV|st|c case (Cattaneo(1948))
Balance eq.: T — _v q

e

e -y

a ' Constitutive eq.: Fourier’s law

K/ T

3

reIaxatlon time”

-

Parabolic equation (heat equation)

erbolic

! ‘ ACAUSAL!
Finite t

atintl
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Heat Kernel

e R e T N O SR R

. . 1 e e

G(z', t; zH,t0) = SA [_(1‘ 5’30)]
0 3

4Rt — to)]3 el 0

| @) = To8( — x0)

e j_{ﬁ@

., perturbation
on top of

Heat
_transportation
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Entropy Current (2"°')

e R e T S IR B INR T

P St e e S e

Assumption (2" order theory).

Non-equilibrium entropy current vector has
linear + quadratic dissipative term(s)
constructed from (V¥, I1, ™, (u%)).

St = sut 4+ OTHY) 4+ O ((5T“’/)2)

ut
> sult = 2 (BoN? + Bom,am)

Stability condition O.K.
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_aThe 2nd Law of Thermodynamlcs
2" order case

e e B A SN SE R <

= 2 (Vm“) ﬁzAWAj;B%ﬁ

224 \ ______
_7T Ta)\ﬁzu \' Sometimes

2 & ! omitted,
Ibutneeded

il = C( = 6on—23,\50“) """

—> Generalization of thermodynamic force!?
e 5
Same equation, but different definition of rand I.  §
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Summary
Constltutlve Equations

R O R A R SR N

=

B AN bt = i) g, T
2 1’

(—|—27'7r7r§\“w’/>)‘> w: vorticity
T A

C I‘Ia,\mu

5 2Er

- become dynamical quantities like thermodynamic
- \ariables. "
~ eEmployed in recent viscous fluid simulations.
(Sometlmes the Iast term is neglected Jaz
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“Bjorken” Coordlnate

= 1 e

2 t—z

—

=~ CORSE

Boost = parallel shift
Boost invariant
—> Independent of 1,

\]
|
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Bjorken’s Scaling Solution

———

e R e T S IR B INR T s

Assuming boost i invariance for thermodynamic
variables P=P(t) and 1D Hubble-like flow

U 53# = (t,0,0,Z)
qu e

-

¥ 5 T
— (coshns,0,0,sinhng)

Hydrodynamic equation for perfect fluids with a
simple EoS, ;_.,
de e+ P, ds s
dr P F |
Ps = cge
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Conserved and Non-Conserved
Quantity in Scaling Solution
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14-c2
) = pdV work
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Bjorken S Equatlon
in the 1%t Order Theory

S T S e FOSNS S e R

_(6 4= Fo=F I‘I)H -+ WMVV<“UV>
7.(-,UJ/ e 2nv<,u,ul/>

-

(Bjorken’s solution)

= (1D Hubble flow)

4 cg—1 C}
371's 7T s

Q. Derive the above equation.
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. — 1=
dt T 37T

VISCOUS Correctlon

Fom s N e S e

de e + PS 4 ‘TPLF/IC \

Correction from shear viscosity
(in compressible fluids)

Correction from
bulk viscosity

=» If these corrections vanish, the a

: / - e 28 ) 3 ] v AL LA N TAT ,._l..\o-,A"' ’
N U T R A e A o Y A S

bove equation

reduces to the famous Bjorken equation.
—% Expansion scalar = theta = 1/tau in scaling solution
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Recent Topics on Transport
% _______Coefficients

— -y

Need microscopic theory (e.g., Boltzmann eq.)

;&, to obtain transport coefficients.
1
- e n/s=1/4nm ({/s = 0)is obtained from

N = 4 Super Yang-Mills theory.

Kovtun, Son, Starinet,...

e 7/s = O(0.1 — 1) is obtained from lattice.

Nakamura, Sakai,...

B
A
?
A
.

"

*Bulk viscosity has a prominent peak around T_.
Kharzeev, Tuchin, Karsch, Meyer...
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Bjorken’s Equation
in the 2nd Order Theory

- : T Y

i ST PO AL O RN DN

NSRRI DA RS P T EN
(o d NI G ) A0

R e TR A N N SR R~ e Tl
( de e HESes [1 =il ]
dr T sT = sT)’

s dn 7w 10T d 71
R + 7T S~ e y

SFEa R 2 =dT it
dﬂ C |_|’7'|—| HCT d in!

SO e DR e O e
. Tnd7'+ T 2-drct

where m = 7199 — 772
New terms appear in the 2"4order theory.

- Coupled differential equations
Sometimes, the last terms are neglected.

Importance of these terms
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Why only 7|:°° -T%%?

B T g ST FISN S RN

In EOM of energy den5|ty,
PAVACTIY
appears in spite of constitutive equations.

According to the Bjorken solution,

Ty — 1 ( AHY _ 1 AMV>
3

T~
AW = g —uhul,
§MV —= dlag(laoaoa_l)

1 .
: > WMVVOJJUV) — _(7.‘.00 S 7_‘_22) -}

(e . 2IAMSARIAN G T vy RN
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Relaxatlon Equatlon’?

e T — g—z w mnl d 7r
E = T 2T 27 dT nT’
i N+S N N¢Tdm
dr T T 2T O B
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Digression:
Full 29 order equation?

e R e T S IR B INR T

Beyond I-S equation, see R. Baler et aI , JHEP 0804,100 (2008)
Tsumura-Kunihiro; D. Rischke, talk at SQM 2008; A.Monnai
and TH. According to Rischke’s talk, constitutive equations
with vanishing heat flow are

I u?
2not? — %77‘“/8)\7%
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Digression (contd.): Bjorken’s Equatlon =
in the “full” 2" order theory
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See also, R.Fries et al.,PRC78,034913(2008).
Note that the equation for shear is valid onIy for conformal
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Model EoS (crossover)

v 0.5
- Crossover EoS: 0.45-
= 1.=0.17GeV of’é:;‘
s §A=Tc/50 G 03]
2 81 =3 80=37 oz
: 0.15F
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Bigss 1 15 - 2. 25 3 %

e (GeV/m®)
31 — tanh 131
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Relatlwstlc Ideal Gas

R e TR A N N SR R~

B ST P i B .

Thermodynamic potential for relativistic ideal gases

&k k 0, 4n?
VT/(Zﬂ‘) In (l—exp (—T)> dSb = —a—T—gb%—T
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Sf = —_—_— = ——
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Energy-Momentum Tensor
__att, in Comoving Frame

e e T TR T Nl W : ==

0 0 Ps+MN—m )

790 _ 1%% = 0 : Ideal

4
Eg - 1st order

310
(arbitrary) < Ps : 2nd order

In what follows, bulk viscosity is omitted. |
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Numerlcal Results
(Tem peratu re)

e R e T S I BN

-

: T,=0.22 GeV

0.245— — Ideal = fm/c

0.22F —— 2nd, c=0 0
0.2 n/s = 1/4xn
S0.18"- T, = 31/4p
-0.16 \ Same initial

0.14} condition

0.12F (Energy momentum

0-5510"15 2025 30”35 40 4550 teNsOr Is isotropic)

T (fm/c)

Numerical code (C++) is available upon request.




Numerlcal Results
(Tem peratu re)

e R e T S I BN

-

: T,=0.22 GeV
0'245_ = T,=1fm/c
0.22[ — 2nd, c=1
02 n/s =1/4n
30.182— t..= 3n/4p
~0.16/ R Same initial
0.14} condition
0.121 (Energy momentum §
0.55"10 15 20 25 30 35 40 45 5ptENSOT is anisotropic) §
T (fm/c)

Numerical code (C++) is available upon request.




Numerical Results
(Tem peratu re)

B T o ST EIAN S S R

Pt SRS TN Seae SR SRS R 2 S et -

0.24- = deal
- — 2nd, c=0
0.22F = Tnd o=
__0.2F
o iaL
S 0.18
=0.161 |
0.14-
0.12F

L o T T T N e N O e T (0 1 S0 T Y S 4 1T T T Tt il i 1 ]
0.9 590 15 20 25 30 35 40 45 50
T (fm/c)

® Numerical code (C++) is available upon request. ;




¥~ Numerical Results (Entropy)

R R TS S S i
50¢ T,=0.22 GeV
a — ldeal -
45- e T,=1fm/c
< 40- n/s = 1/4n
S 3 T, = 3n/4p
Q 30f Same initial
& 25;—/ condition
20F (Energy momentum

........................... tensor is isotropic)

i 150
- % 510 15 20 25 30 35 40 45 50

T (fm/c) -
' | Numerical code (C++) is available upon request. —




¥~ Numerical Results (Entropy)

e R R BN I B
50¢ T,=0.22 GeV
- ==sl =
455— S 'CO ==F fm/c
< 40;_ n/s = 1/4n
“% 35 T.= 3n/4p
S 300 Same initial
" 25, condition
20F (Energy momentum §
SOV FVN VUENY PRPVR TRV PP tensor is anisotropic) ¢

i 155
- 5% 510 15 20

25 30 35 40 45 50

T (fm/c) i
: s Numerical code (C++) is available upon request. 22




¥~ Numerical Results (Entropy)

st (GeV/fm?)

e e TR SN SE A

505 S !Ideal
45  — Zﬁtd, c=0

- — 2nd, c=1
40:—
35
30"
25
20"

:u T i T R T N O B T3 0 S0 T 8 1% 1 T L | T e o 1 e
15 510 15 20 25 30 35 40 45 50

7 (fm/c)

Pt SRS TN Seae SR SRS R 2 S et -

s Numerical code (C++) is available upon request. ;




Numerical Results

(Shear Vlsc03|ty)

A R e R A N IR Sh A O T T ATl N ST D M b B g
1 =
- — ldeal
N o £ -
8 — 2nd, c=0
10_1 5 — 2nd, c=1
mE E
=
> 102E
O [
e 3
107 ¢
100510 15 20 25 30 35 40 45 50

T (fm/c)

® Numerical code (C++) is available upon request.
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(Initial Condition Dependence

| \ [

£ ie sy

t !.r i‘] ‘ [ f{ l'./.'_".'.','l'h':: "'.;" '-.'.-

wmm.tbehzwao;der@iheory.),_

— 2nd, c=0
—— 2nd, ¢=0.5
— 2nd, c=1

50- — 2nd, c=0
45 — 2nd, ¢=0.5
— 2nd, c=1 1 4l
&é\ 40 — 0 E
£ 35 <
. > 102F
8 30t o
= B
" 25, 10°
20:—
:Illll |||||||||||||||||||||||||||||||||||| -
15 590 15 20 25 30 35 40 45 50 1070
T (fm/c)
37‘0

5 10 15 20 25 30 35 40 45 50
T (fm/c)
1 anisotropic
0.5
O isotropic

m Numerical code (C++) is available upon request.
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Numerlcal Results
(Relaxation Time dependence)

e R O P SN I SR IR R S T O e T T N Ll N
50¢ 1€
C —— 2nd, c=0 5 —— 2nd, c=0
45 —— 2nd, ¢=0,7/10 - —— 2nd, ¢=0,t,/10
C —— 2nd, ¢=0, 10x7_ > —— 2nd, ¢=0, 10x7t_
— 40F 10 E
< 350 g
> - SR r
Q n 010
O 30F o
2 E
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255‘5/— 10°
20;—
- PN ] T e T ] P T 0 L | e o a5 o 14 o

1% "5 10 15 20 25 30 35 40 45 50 100 "5 10 15 20 25 30 35 40 45 50

1 (fm/c) T (fm/c)
Relaxation time larger 2
= Maximum s is smaller §
Saturated values Relaxation time smaller §
non-trivial —>Suddenly relaxes to

1St order theor s
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Remarks

R R S T R ey il St SOt

e

.

- * Sometimes results from ideal hydro are
compared with the ones from 15t order
theory. But initial conditions must be
different.

e Be careful what is attributed for the
difference between two results.

e Sensitive to initial conditions and new
parameters (relaxation time for stress
tensor)
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Partlcle Spectra
in Hydrodynamlc Model

% e R O R N I S E

e How to compare with experimental data (partlcle

‘ '("x'.v"-""". "y
b ; \'L A ADTE UMY

;‘;f"j spectra)?

e Free particles (A/L>>1) eventually stream to

b detectors.

N . Need prescription to convert hydrodynamic

s (thermodynamic) fields (A/L<<1) into particle

picture.

* Need kinetic (or microscopic) interpretation of
hydrodynamic behavior.
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Cooper-Frye Formula

A R e BN N T S AR A

Pt SRS TN Seae SR SRS R 2 S et -

[ pdo,fo(p, =)
d 1
@my3exp{lp- u(@) — n@I/T@)}

eNo dynamics of evaporation.

eJust counting the net number of particles
(out-going particles) - (in-coming particles)

through hypersurface 2

eNegative contribution can appear at some

space-like hyper surface elements.
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Kinetically equmbrated = Kinetically equilibrated
matter at rest matter at finite velocity

.~

7N\ 72NN
Qﬂ Py " r, :

Isotr0|c dlstrlbutlon : Lorentz boosted dlstnbutlon, 3
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Relatlwstlc Transport Theory

A R e BN A T SR R

Boltzmann equation

g el TR Srae SR _JETRGE R L R e ——"

Time evolution of phase space dist. for a rarefied gas:

prouf(p,z) = Clf] galn ‘Ioss \
1 d>p,
Clf] / 27 Z;E 27 3 ; (
X W(pp. ¢ pbpc)

f(p,z) : One-particle phase space distribution

fl : Collision term
VW : Lorentz invariant transition rate

/ i é . e 'y 1943 ') SR §ALA 1A 1% . ) )
TN S B S T T A R 4 -



© Free Streamlng, Gain and Loss

e e B A SN SE R

ﬁ.m“

+ loss gain
< S
gain loss =
X

f(,2,t) = f(D,Z+ AL+ Al)

f(izr:',t>+8—fAt+Vf.%At

—= s [(7, %+ TAL L+ Ab) =~

&Q

-7 0Jwr) = 0 Note:pis mass-on-shel

VP YIS AN I .
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B¢ H-theorem

gt PR T ey SN JERRGEN RS JEE e ——"

“Entropy current”:

&

e - [ rrtees )
d3

R - (%)’; —1"9,f(log f — 1)
d’p

— [ g (PO 0BT - D + 1

=
f

ro.1f




H-theorem (contd.)

R e R A N SRR
B
sl —

1
— —5 /DpraprDPcW(ppa — pbpc)
X (fbfc = ffa) log f
1
= / DpDpa DpyDp W (ppa <> poPe)

X(fofe — ffa)log f
1

Pt SRS TN Seae SR SRS R 2 S et -

(f fa fofc)log fb
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H-theorem (cond 2)

Ous’ = = / DpDpoDpyDp: WV
X [(_ logf = logfb)ffa

+(+log f —log fi) fufe]
— —; | PP DHDEW ?
X [(=log f + log fv) f fa

D < Pe
+(+ logfc NS logfa)faf] Pa <7 Db

L mm..

. . - ~ .
- - - - —t . pa i —— ’ - . -
e N e g ey S T - R e e e e T -,




H-theorem (contd 3)

sl — — / DpDp.DpyDp: WV log (J;b]{c> ==
= 1 fbfc
2o / DpDpo DpeDp WV log ( 7 fa,) fFa
1
+ / DpDpa D Dp W (fife — £12)
_____________________ =0
= —i / DpraprDch




H-theorem (contd 4)

R e TR A N N SR R~

g(z) =z —1—logz g(x) >0forz >0

~

-

0,8t >0

0,s* = 0 only
when ffo = fofe
\_ /

One can identify

s* with entropy current §

- i I " — vl




Colllsmn Invarlant

R e TR A N N SR R~

Binary collisions satisfy energy—momentum consevation

P+ Pa = Pb + Pc

-

5 it

where
= a—pup*  (collision invariant) §




Collision Invariant (contd.)

B T g ST FISN S RN

Pt SRS TN Seae SR SRS R 2 S et -

3
/(Qd) ¢puauf =0

[ Q. Check this identity J

Conservation law

d>p il
On | Gt =0

5 conserved ¥
) 5 ) |currents ':
B au/ B P = \quantitiesi S

SR\ AN FASAAN IOy A2 Cr Y BT AR AA R VA LD :
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Eqmllbrlum Distribution

R e TR A N N SR R~

ffa:fbfc :> a st =0

ffa= fofe = 10g f +log fo = log fy +log f

Pt SRS TN Seae SR SRS R 2 S et -

Thus log f should be collision invariant
foo fo—a——) . p" 5 fo=— exp(a — ﬁup”)

a and S can depend on position x
and are to be u/T and u*/T
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Quantum Statlstlcs

BRI S Sy S ks USRS S S

Pt S DEN Sas S SRS

Bose enhancement or Paull blocking

N ffa=ofe S fla(L )% f) = ffe(1% )L 1)

e

1if“ log 1if” —|—log

—

log s log 1ifc

Collision invariant log il g B.p"

fiv. )

f S 1
0 = oxp(—atBupr)El
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Some Remarks

R B N R S R e B N Ty il Pt

-

Collision term vanishes if f; is plugged in.

If o and {3 is constant globally, f, can be a
solution of Boltzmann equation.

Local equilibrium distribution is NOT a
solution of Boltzmann equation.

Deviation from local equilibrium
distribution can be obtained from
Boltzmann equation.
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Mlcroscoplc Interpretatlon

A R e BN A T SR R

g el TR Srae SR _JETRGE R L R e ——"

Single particle phase space density in local equilibrium
(no entropy production in Boltzmann eq.):

! - 1
002 = o w @ — s @IT@) F 1

Kinetic definition of current and energy momentum
tensor are a3

8
# Vo (@) (27)3E
d3p |
bo + 910+ g7 Tol |

A R A R A A Sl

P"lgsfo — g5 fol

T(l)w(a:)




13t Moment
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gt PR T ey SN JERRGEN RS JEE e ——"

(27r)3E’

u* is normalized, so we can always choose a“, such that
uyat, = (1,0)
L snass )
upa g = 1l,a g U
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: Moment (contd.)

BRI S Sy S ks USRS S S

-

Pt SRS TN Seae SR SRS R 2 S et -

g¢d>p
(27)3E

Vanishing for v=i due to odd function in integrant.

—3 Tl

p"[fo(E) — fo(E)]

3
b grd=p
o) (2m)3
= nut

[fo(E) — fo(E)]

:

[ Q. Go through all steps in the above derivation. ]

v

= A OV

¢ MEOVR SIASAAN TGO Y AL O P AR B AA R AN Y,



2“0' Moment
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124 d3 M V“m“m..
T S
0 (277)3Ep £

x[gpbo(p) + g fo(p) + g1 fo(p)]
d3 : la I,B
a" _a 5/

x[fo(E") + fo(E')]
= ewtu-—FEINEE
oF T = "
.@“‘z’_‘_‘f/i_w—- S

|
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2“‘3I Moment (contd )

where
= [ dp
e (27r)3E =
X [gpbo(E) + grfo(E) + g¢fo(E)]
= d3p p2
& (27)33E

< [9sbo(E) + 95 fo(B) + 9 Fo(B)]

- —— N o re N i - ; . o
e N R - B e e e e e B TN iy
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Deviation from Equilibrium
Distribution

-

e R R TR

d3
TH = (ng)ng“p”[fo + 0 f]
of = —follTF fol

X (P,ué‘u =+ Pupuewj)

trace part = scalar

Important in a multi-component gas
(A.Monnai and TH, (2009))

Unknowns: 4 + 10 = 14
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Taylor Expansion around
Eqmllbrlum Distribution

< R R RSN N SR

o T s N s S

-

1

) = LG il
= f(p,x)
y(p,x) = In (1:“%%))
~ yo(p, )
+P,u5u($) Se P;LPV«?”V(:U)
s Fau
go(p,z) = ~——E—*%

1 ik
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Taylor Expansion around
Equilibrium Dlstrlbutlon (contd )

R e TR A N N SR R~

f(p,z) = fo— fo(1F fo)(y— o)

i

of = —Jfo(1F fo)
X (pue” + pupvet”)
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14 Condltlons
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3 3
i — | (zgff)s Ep“p”5f ONH = [ (zgf)ng%f

Stability conditions (2) \
b uu6T*uy = 0, uy, 6N* =0
Viscosities (12) Epsilons can be

ST V) expressed by
1 S > dissipative
_EAMV‘STM = currents

B elia =
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Stablllty Condition

B T g ST FISN S RN

3
= _/(Zi%S%.p#;[(l-l-ef)log(l+ef)-l-f10gf]

o T s N s S

-

3 Bua —
= o+ [ Tl ko o)

u i + AF d3 =
=" f

~  suf + - Ug o)

S afun AR S hgd p
g (27)3E

pof

Q. Check the above derivation.
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TR AR DAY,



Stability Condition (contd.)
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Relatlon btw Coefflments and
D|SS|pat|ve Currents

e R e T S IR B INR T

—J308x — (Jag — Ja1)exx — Ja1Tr(e),

—Jooex — (J30 — J31)exs — J31Tr(e),

5 5
N = Jzie«+ (Ja1 — §J42)6** S §J42Tr(€),

WH = —J31A'wj€y == 2J41A'wj8y*,
A —jzlA'qu-:V = 2j31AMVEV*,
—2 Jaocttu)

@W“

-

wififfes
it

3
g
<
|

where Ex — 8# y Exx — 5uuuuulj7 TI'(€) = €Z’ | &
and A V€y* — Auuuaeya = T e T e ’
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Moments

d3
JHLIH2 - fom / (zgﬂ)ngfo(l +efolpiipiip
= Z[(A“lﬂ2‘.‘Aﬂ2n—ll-1'2null'2n+1".ul"'m)

ik (permutamons)] mn

30
(;gcj?,E fo(l+cfo)ppliop=

= Z [(A’“ P2 AH2n—1H2n o Hontl muum)

n

JHIH2fim

+ (permutations)] J,un

9 Bosons do not contrlbute =

S T SR e N O A Y e -dm X




Solutlons

Pt Sl TN Crae SR ST S S e —"

e R e TR S N N SRR

Ev = 3t okl
Eve. = Eoutal = Bl
Tr(e) = &b, = Bsll,
APe = DW* + D, VE,
A= BBV

lwv) Bomh”
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Solutions (contd )

R e TR A N N SR R~

e . u, + A,we

Dollu, + D1W,, + D1V,

£ Uy, + A (Tee) =2 8
20D ot S

(BoA ., + Bouyu, )II

+ 2By W, + QBlu(”V,,) + Bomy,
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Epsilons are expressed using hydrodynamic variables
—~Able to calculate particle spectra
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Cooper-Frye Formula
in Viscous Case
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3N ; |
| B = oos [ PrAou(fo(e @) +85(p,2)
;' 1

‘fO(paw) o0

exp{lp - u(z) — p()]/T(2)} F 1

LSf(px) = —fo(1 7 fo)
& X (puct(z) + pupne™ (x))
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TH =
e 0 0 0
0 Ps+ M+ n/2 0 0
0 0 Pi+MN+7/2 0
0 0 0 Pi+MN—n

Bulk pressure

- Isotropic

2> I1=-CH

Shear stress tensor

- Traceless
- 1 =4n06/3
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Summary

e Effect of viscosity on particle spectra can be
calculated using hydrodynamic variables.

e Important to constrain equation of state
and transport coefficients from
experimental data
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All slides will be available at

http://tkynt2.phys.s.u-tokyo.ac.jp/qgphydro/
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