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4Quark Gluon Plasma (QGP)
• Quarks and gluons are confined inside of nucleons. (Color confinement) 
• Interactions are very weak inside of nucleons. (Asymptotic freedom)

• Quarks are de-confined under high density or high temperature. 
 (Quark Gluon Plasma : QGP)

TC=154 MeV

• QGP is considered to be existed in 
early universe, μs after big bang.
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5Phase transition and Bean Energy Scan

Beam Energy Scan I (BES-I)  2010-2014 
: Varying the center of mass energy from 7.7 to 200 GeV in Au+Au collisions. 

• Cross over transition around μB=0 from 
 Lattice QCD but there is no experimental 
 evidence. 

• Location of critical point is unknown.

Detail structure of QCD diagram 
should be discovered experimentally
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Figure 1. The picture of the QCD Phase Diagram with marked coverage of the RHIC BES
program. Yellow trajectories represent schematics of the collision evolution at di↵erent energies
of the BES program. The red circle symbolizes the critical point. Note, that yellow lines and
the red circle are for illustrative purpose only.

The Au+Au collisions at lower, i.e. below the injection point, energies, available presently
at RHIC, should be able to reach a chemical potential region of interest, and therefore allow for
the exploration of the first-order phase transition, and possibly of the CP.

In 2010 and 2011 RHIC completed phase I of the BES program with data sets at 7.7, 11.5,
19, 27 and 39 GeV. This is complemented by the data collected earlier at higher energies (62,
130 and 200 GeV). Together they cover the µB interval from 20 to 450 MeV, which is believed
to contain the range associated with the first order phase transition and CP.

In the following sections a short discussion of BES program specific goals, together with a
few preliminary results of analyzed phase I data, will be presented.

2. Beam Energy Scan Program at RHIC
Presently the BES program is focused around three goals.

The first one, and the easiest, is to scan the phase diagram with variable collision energy
(di↵erent µB and T) to find whether (and where in the

p
sNN ) the key QGP signatures observed

at the top RHIC energy have been turned o↵. This may suggest that system is back to the
hadron gas phase. The disappearance of a single signature would not be enough to claim an
onset of deconfinement, because there are other phenomena not related to deconfinement which
may cause a similar e↵ect. However, the modification or disappearance of several signatures
simultaneously would definitely provide a compelling case. The particular observables identified
as the essential drivers of this part of the run are: constituent quark number scaling, hadron
suppression in central collisions characterized by Rcp, untriggered pair correlations in the space
of pair separation in azimuth and pseudorapidity and local parity violation in strong interactions.

The second goal is to find critical fluctuations, associated with a strong increase in the
susceptibilities, which are expected in the vicinity of CP. However, because the finite size e↵ects
could wash out the critical behavior, the search for evidence of the softening of EOS as a system
enters a mixed phase region implicitly associated with crossing first-order phase transition was
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6Freeze-out parameters

• Chemical and kinetic freeze-out and kinetic freeze-out 
parameters are obtained from particles yield and spectra. 
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FIG. 33: (Color online) Extracted chemical freeze-out tem-
perature versus baryon chemical potential for (a) GCE and
(b) SCE cases using particle yields as input for fitting. Curves
represent two model predictions [81, 82]. The grey bands rep-
resent the theoretical prediction ranges of the Cleymans et al.
model [81]. Uncertainties represent systematic errors.

baryon stopping at lower energies which may also be
centrality dependent. The strangeness chemical poten-
tial µS decreases with increasing energy and also shows
a weak increase from peripheral to central collisions. The
strangeness suppression factor γS accounts for the possi-
ble deviations of strange particle abundances from chem-
ical equilibrium; γS equal to unity means chemical equi-
libration of strange particles. The strangeness suppres-
sion factor γS for central collisions is almost the same and
close to unity for all the energies. However, for peripheral
collisions, it is less than unity and shows a slight energy
dependence, i.e. decreases with decreasing energy. For a
given energy, it increases from peripheral to central colli-
sions. The radius parameter R is related to the volume of
the fireball at chemical freeze-out and is obtained for the
yield fit case. For the BES energy range, the radius pa-

rameter shows no energy dependence. We note a similar
energy dependence of the volume at chemical freeze-out
per unit of rapidity dV/dy for the energy range similar
to BES, as discussed in Ref. [7]. For higher energies, the
dV/dy increases. The radius parameter shows centrality
dependence for a given energy, increasing from peripheral
to central collisions.

Figure 28 shows the ratio of chemical freeze-out param-
eters (Tch, µB, µS , γS , and R) between results from yield
fits to ratio fits in GCE plotted versus ⟨Npart⟩. We ob-
serve that the extracted freeze-out parameters for GCE
using ratio and yield fits are consistent with each other
within uncertainties. We found that the results using
particle ratios in the fits have large uncertainties com-
pared to those using particle yields. This may be because
the particle ratios used for fitting are constructed mostly
using common particle yields, say e.g. pions, which leads
to correlated uncertainties, but we treated all the ratio
uncertainties as independent in our fit.

Figure 29 shows the chemical freeze-out parameters
(Tch, µB, γS , and R) plotted versus ⟨Npart⟩ in SCE for
particle yields fit. The behavior of the freeze-out param-
eters is generally similar to what we discussed above for
GCE. However, Tch in SCE seems to be higher in pe-
ripheral collisions, but the centrality dependence is still
weak. Figure 30 shows the ratio of chemical freeze-out
parameters (Tch, µB, and γS) between yield and ratio fits
in SCE plotted versus ⟨Npart⟩. We observe that within
uncertainties, the results using yield and ratio fits are
similar except for γS in the most peripheral collision.

Figure 31 shows the ratio of chemical freeze-out pa-
rameters (Tch, µB, and γS) between GCE and SCE re-
sults obtained using the particle ratio fit plotted versus
⟨Npart⟩. Similarly, Fig. 32 shows the ratio of chemical
freeze-out parameters (Tch, µB, γS , and R) between GCE
and SCE results obtained using particle yields fit plotted
versus ⟨Npart⟩. We observe that the results are consis-
tent within uncertainties for GCE and SCE using both
the ratio and yield fits, except for γS in the most periph-
eral collision in case of yields fit.

Figure 33 shows the variation of chemical freeze-out
temperature with baryon chemical potential at various
energies and for three centralities 0–5%, 30–40% and 60–
80%. For 62.4 GeV, the three centralities shown are 0–
5%, 20–40% and 60–80%. The results are shown for both
GCE and SCE cases obtained using particle yields fit.
The curves represent two model predictions [81, 82]. In
general, the behavior is the same for the two cases, i.e.
a centrality dependence of baryon chemical potential is
observed which is significant at lower energies.

Next, we test the robustness of our results by com-
paring to results obtained with different constraints and
using more particles in the fit.

27

0 0.5 1 1.5 2

-210

-110

1

10

210
Au+Au 7.7 GeV (a)

0 0.5 1 1.5 2

+π 
+ K p

-π - K
p curves: BW fits

Au+Au 11.5 GeV (b)

 fit ranges:
T

p

0-5% central collisions
|y|<0.1

: 0.5-1.3 GeV/cπ

K: 0.25-1.4 GeV/c
): 0.4-1.3 GeV/cpp (

0 0.5 1 1.5 2
-210

-110

1

10

210
Au+Au 19.6 GeV (c)

 (GeV/c)Tp
0 0.5 1 1.5 2

Au+Au 27 GeV (d)

0 0.5 1 1.5 2

Au+Au 39 GeV (e)

]
-2

 [(
G

eV
/c

)
dy T

dp Tp
N2 d

 π21

FIG. 36: (Color online) Blast wave model fits of π±, K±, p and p̄ pT spectra in 0–5% central Au+Au collisions at
√
sNN =

(a) 7.7 GeV, (b) 11.5 GeV, (c) 19.6 GeV, (d) 27 GeV, and (e) 39 GeV. Uncertainties on experimental data represent statistical
and systematic uncertainties added in quadrature. Here, the uncertainties are smaller than the symbol size.
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FIG. 37: (Color online) Variation of Tkin with ⟨β⟩ for dif-
ferent energies and centralities. The centrality increases from
left to right for a given energy. The data points other than
BES energies are taken from Refs. [43, 66]. Uncertainties rep-
resent systematic uncertainties.

ferent energies and centralities. The ⟨β⟩ decreases from
central to peripheral collisions indicating more rapid ex-
pansion in central collisions. On the other hand, Tkin

increases from central to peripheral collisions, consis-
tent with the expectation of a shorter-lived fireball in
peripheral collisions [94]. Furthermore, we observe that

these parameters show a two-dimensional anti-correlation
band. Higher values of Tkin correspond to lower values
of ⟨β⟩ and vice-versa.
Figure 38 (a) shows the energy dependence of kinetic

and chemical freeze-out temperatures for central heavy-
ion collisions. We observe that the values of kinetic
and chemical freeze-out temperatures are similar around√
sNN =4 – 5 GeV. If the collision energy is increased,

the chemical freeze-out temperature increases and be-
comes constant after

√
sNN =11.5 GeV. On the other

hand, Tkin is almost constant around the 7.7–39 GeV
and then decreases up to LHC energies. The separation
between Tch and Tkin increases with increasing energy.
This might suggest the effect of increasing hadronic inter-
actions between chemical and kinetic freeze-out at higher
energies [4]. Figure 38 (b) shows the average transverse
radial flow velocity plotted as a function of

√
sNN . The

⟨β⟩ shows a rapid increase at very low energies, then a
steady increase up to LHC energies. The ⟨β⟩ is almost
constant for the lowest three BES energies.

VII. SUMMARY AND CONCLUSIONS

We have presented measurements of identified particles
π,K, p, and p̄ at midrapidity (|y| < 0.1) in Au+Au col-
lisions at

√
sNN = 7.7, 11.5, 19.6, 27, and 39 GeV from

the beam energy scan program at RHIC. The transverse
momentum spectra of pions, kaons, protons, and anti-
protons are presented for 0–5%, 5–10%, 10–20%, 20–30%,
30–40%, 40–50%, 50–60%, 60–70%, and 70–80% colli-

What is the good observables which is sensitive to the phase transition?

Even by event fluctuations are considered as one of the powerful 
tool to discover the phase diagram.
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Net-charge :

Event-by-event fluctuations

• nth-order moment is defined by

N+ �N�

• Cumulants can be written by moments

S =
C3

(C2)3/2

 =
C4

(C2)2

κ： Peakedness

M： Mean

0

σ： Deviation

M = C1

�2 = C2

S： Asymmetry

,

MomentsCumulants

Progress in Particle and Nuclear Physics

Volume 90, September 2016, Pages 299-342

C1 = hmi
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Figure 3: Typical distribution functions having nonzero skewness (left) and kurtosis (right). The
average and variance are set to ⟨x⟩ = 0 and σ = 1.

The results in Eqs. (45) and (46) are, of course, obtained by explicitly calculating ⟨x⟩ =
∫

dxxPG(x)
and ⟨x2⟩c = ⟨δx2⟩ =

∫

dx(x− x0)2PG(x) and so forth.
Equations (45) and (46) show that the cumulants higher than the second order vanish for Gaussian

distribution. In other words, nonzero higher order cumulants characterize deviations from Gaussian
distribution function. This is one of the reason why the cumulants are used as quantities representing
non-Gaussianity.

2.5 Variance, skewness, kurtosis

Till now, we have discussed the cumulants for quantities characterizing distribution functions. When
one wants to describe the deviation from Gaussian distribution, it is sometimes convenient to use the
quantities called skewness S and kurtosis κ [56]. These quantities are defined as

S =
⟨x3⟩c
⟨x2⟩3/2c

=
⟨x3⟩c
σ3

, κ =
⟨x4⟩c
⟨x2⟩2c

=
⟨x4⟩c
σ4

, (47)

where σ2 is the variance defined by σ2 = ⟨x2⟩c. The skewness and kurtosis are interpreted as the third
and fourth order cumulants of the renormalized stochastic variable x̃ = x/σ satisfying ⟨x̃2⟩c = 1,

S = ⟨x̃3⟩c, κ = ⟨x̃4⟩c. (48)

In Fig. 3, we show typical distribution functions having nonzero skewness and kurtosis. All dis-
tribution functions shown in the figure satisfy ⟨x⟩ = 0 and ⟨x2⟩c = 1. As shown in the left panel,
the skewness represents the asymmetry of the distribution function. The kurtosis, on the other hand,
typically describe the “sharpness” of the distribution compared with the Gaussian one as in the right
panel.

When the non-Gaussianity of a distribution function is discussed, the set of variables to be used, S
and κ or the third and fourth order cumulants, should be chosen depending on the problem. When the
distribution is expected to obey some specific one of which the cumulants are known, the cumulants are
much more convenient. For example, when the distribution is expected to obey the Poisson one and
the difference from this distribution is concerned, one may focus on the cumulants normalized by the
average, ⟨mn⟩c/⟨m⟩. The deviation from the Poisson distribution is then characterized by the difference
of the ratio from unity. As we will see in Sec. 3, for example, the fluctuation of net-baryon number
in the equilibrated hadronic medium is well described by the Skellam distribution. If the fluctuation
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typically describe the “sharpness” of the distribution compared with the Gaussian one as in the right
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When the non-Gaussianity of a distribution function is discussed, the set of variables to be used, S
and κ or the third and fourth order cumulants, should be chosen depending on the problem. When the
distribution is expected to obey some specific one of which the cumulants are known, the cumulants are
much more convenient. For example, when the distribution is expected to obey the Poisson one and
the difference from this distribution is concerned, one may focus on the cumulants normalized by the
average, ⟨mn⟩c/⟨m⟩. The deviation from the Poisson distribution is then characterized by the difference
of the ratio from unity. As we will see in Sec. 3, for example, the fluctuation of net-baryon number
in the equilibrated hadronic medium is well described by the Skellam distribution. If the fluctuation
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• Cumulants are proportional to the volume  
(Additivity)

https://www.sciencedirect.com/science/journal/01466410
https://www.sciencedirect.com/science/journal/01466410/90/supp/C


TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

8Cumulant ratios

�2 =
C4

C2
=

�4

�2

Cumulant ratios
• By measuring the cumulant ratios, 
effect from the volume can be 
canceled.  

• Cumulant ratios can be directly compared 
to the ratio of susceptibilities.

S� =
C3

C2
=

�3

�2

C2 ⇡ ⇠2

C4 ⇡ ⇠7

C6 ⇡ ⇠12

C5 ⇡ ⇠9.5

C3 ⇡ ⇠4.5

• Higher order cumulants are more 
sensitive to the signal from the 
critical point. 

• These relations are only valid for 
cumulants of conserved quantities.

ξ : Correlation length 
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1.9.4 Skellam distribution

In previous subsection, we found that sum of the two independent Poisson distribution fol-
low Poisson. However, difference of the two independent Poisson distribution does not follow
Poisson distribution and called Skellam distribution. By Eq.(1.29) cumulants of the Skellam
distributions are given by

Cn = λ1 + (−1)nλ2.

(1.69)

By using Eq.(1.69), cumulant ratios of the different order Skellam distributions can be
calculated as

C2n

C2m
=

C2n+1

C2m+1
= 1, (1.70)

C2n

C2m+1
=

λ1 + λ2

λ1 − λ2
, (1.71)

C2n+1

C2m
=

λ1 − λ2

λ1 + λ2
, (1.72)

where n and m represent the positive integer so C2n and C2n+1 represent even and odd order
cumulants respectively. For example,

C6

C2
=

C4

C2
= 1, (1.73)

C5

C2
=

C3

C2
=

λ1 − λ2

λ1 + λ2
, (1.74)

1.9.5 Gaus distribution

At last of this section, Gaus distribution is introduced. The probablity function of the Gaus
distribution is defined by

G(x) =
1√
2πσ2

exp
(−(x − µ)

2σ2

)
, (1.75)

which satisfies
∫∞
∞ dxG(x) = 1.

The moment and cumulant generating function are given by

M(θ) =
∫ ∞

−∞
eθx

1√
2πσ2

exp
(−(x− µ)

2σ2

)

=
1√
2
exp

(
µθ +

1

2
σ2θ2

)
, (1.76)

K(θ) = µθ +
1

2
σ2θ2 +A, (1.77)

where A is a constant value which is vanished after deferentative. Therefore, cumulants can be
shown as
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Statistical baseline (Skellam distributions)
• If distribution of N+ and N- follow the Poisson distributions,  
net-charge distribution follow the Skellam distribution.
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This values can be used as a statistical baseline.

(M,σ, S,κ) and moment products (κσ2,Sσ) products of the Skellam distribution. The results
are shown below:

M = µ1 − µ2

σ =
√
µ1 + µ2

S =
µ1 − µ2

(µ1 + µ2)3/2

κ =
1

µ1 + µ2

Sσ =
µ1 − µ2

µ1 + µ2

κσ2 =
C6

C2
=

C8

C2
= 1

To do the simulation, we set the two mean values of the Skellam distributions as µ1 =
4.11, µ2 = 2.99, which are similar with the mean proton and anti-proton number in most central
Au+Au collisions at

√
sNN = 200 GeV measured by STAR experiment. Then, we can generate

random numbers as per the ”Skellam” distribution. Fig. 1 shows a distribution sampled from
the ”skellam” population with 30 million events.
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Figure 1. Sample distribution (30 million events) with the population distributed as skellam
distribution.

In Fig. 2, we show the relative error as a function of events for various sample moments when
the population is with ”Skellam” distribution. We may find that the higher order moments are
with larger relative errors, especially for the sixth and eighth order to second cumulant ratios.
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Poisson distribution and called Skellam distribution. By Eq.(1.29) cumulants of the Skellam
distributions are given by

Cn = λ1 + (−1)nλ2.

(1.69)

By using Eq.(1.69), cumulant ratios of the different order Skellam distributions can be
calculated as

C2n

C2m
=

C2n+1

C2m+1
= 1, (1.70)

C2n

C2m+1
=

λ1 + λ2

λ1 − λ2
, (1.71)

C2n+1

C2m
=

λ1 − λ2

λ1 + λ2
, (1.72)

where n and m represent the positive integer so C2n and C2n+1 represent even and odd order
cumulants respectively. For example,

C6

C2
=

C4

C2
= 1, (1.73)

C5

C2
=

C3

C2
=

λ1 − λ2

λ1 + λ2
, (1.74)

1.9.5 Gaus distribution

At last of this section, Gaus distribution is introduced. The probablity function of the Gaus
distribution is defined by

G(x) =
1√
2πσ2

exp
(−(x − µ)

2σ2

)
, (1.75)

which satisfies
∫∞
∞ dxG(x) = 1.

The moment and cumulant generating function are given by

M(θ) =
∫ ∞

−∞
eθx

1√
2πσ2

exp
(−(x− µ)

2σ2

)

=
1√
2
exp

(
µθ +

1

2
σ2θ2

)
, (1.76)

K(θ) = µθ +
1

2
σ2θ2 +A, (1.77)

where A is a constant value which is vanished after deferentative. Therefore, cumulants can be
shown as

15

For example

λ1 : Poisson parameter of N+ distribution 
λ2 : Poisson parameter of N- distribution
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        Figure 1.7: 1st to 4th order net-charge cumulant ratios as a function of
√
sNN from STAR

experiments, Beam Eenrgy Scan1

Figure 1.8: c6theory

7

10

L. Adamczyk et al. (STAR Collaboration)

Phys. Rev. Lett. 113, 092301(2014)

L. Adamczyk et al. (STAR Collaboration)

Phys. Rev. Lett. 112, 032302 (2014)

• STAR published up to 4-th order fluctuations of net-proton, net-charge 
and net-kaon distributions. 

• Critical phenomena have not been observed yet.  

Published results
Net-proton Net-charge Net-Kaon

Physics Letters B Volume 785, 

10 October 2018, Pages 551-560

https://www.sciencedirect.com/science/journal/03702693/785/supp/C
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• Interesting energy dependences were observed at lower energy region 
at various measurement.

Recent results

Xiaofeng Luo / Nuclear Physics A 00 (2016) 1–9 6

energies above 19.6 GeV, the values of v2
3{2} linearly increase with the log(psNN ) for all of the four centralities.

Figure 5 right shows psNN dependence of the v2
3{2} scaled by the charged particle multiplicity per participant pair

nch,PP =
2

Npart
dNch/d⌘ for three centralities. Experimentally, the nch,PP has been measured and monotonically increase

with psNN [23], which can be related to the energy density of the system. The v2
3{2}/nch,PP shows a local minimum

around 20 GeV, which is the consequence of a relatively flat trend for v2
3{2} and monotonically increasing trend for the

nch,PP in the energy range 7.7 <psNN< 20 GeV. Physics wise, the v2
3{2}/nch,PP should reflect the ability of the system

to convert the initial geometry fluctuations to the final state. Thus, the local minimum in v2
3{2}/nch,PP could indicate

an anomalous low pressure inside the matter created in the collisions near psNN=20 GeV, where a minimum is also
observed for the slope of net-proton directed flow. Apparently, these observations can be interpreted by softening of
equation-of-state due to presence of the first order phase transition. However, conclusions only can be made after
carrying out careful theoretical and model studies for the dynamical evolution of the system including the physics of
first order phase transition at finite µB.

2.5. Net-proton number fluctuations
Fluctuations of conserved quantities, such as baryon (B), charge (Q) and strangeness (S) numbers, have been

proposed as a sensitive probe to search for the signature of the QCD critical point in heavy-ion collisions [24]. These
fluctuations are sensitive to the correlation length (⇠) [24] and can be directly connected to the susceptibility of the
system computed in theoretical calculations, such as Lattice QCD [25, 26, 27] and HRG models [28]. The STAR
experiment has measured various order fluctuations of net-proton (Np � Np̄, proxy for net-baryon), net-charge and
net-kaon (proxy for net-strangeness) numbers in the Au+Au collisons at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and
200 GeV [29, 30, 31].
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6 10 20 100 200

2
σ κ

0

1

2

3

4 <2 (GeV/c),|y|<0.5
T

0.4<p

0-5%
5-10%
70-80%

UrQMD, 0-5%

Au+Au : Net-proton

STAR Preliminary

Au+Au : 0-5%

Net-proton

<2 (GeV/c),|y|<0.5
T

0.4<p

STAR data

AMPT

UrQMD

 (GeV)NNs
6 10 20 100 200

0.6

0.8

1.0

1.2

<2 (GeV/c),|y|<0.5
T

0.4<p

0-5%

5-10%

70-80%

/S
ke

lla
m

σ
S 
0-5%
5-10%
70-80%

UrQMD, 0-5%

Au+Au : Net-proton
<2 (GeV/c),|y|<0.5

T
0.4<p

STAR Preliminary

Au+Au : 0-5%
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STAR data

AMPT
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Figure 6. (Color online) Left: Energy dependence of �2 of net-proton distributions and Middle: S� divided by Skellam (Poisson) expeca-
tions for 0-5%, 5-10% and 70-80% centralities of Au+Au collisions at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4, 200 GeV measured by STAR.
The experimental data is compared with Poisson expectations (dashed lines) and the UrQMD transport model calculations (shade bands ). The
statistic and systematic errors are plotted as vertical bar and brackets, respectively. Right: A schematic sketch for theoretically predicted neg-
ative(red)/positive(blue) critical contribution regions for �2 near the QCD critical point and possible chemical freeze-out regions for Au+Au
collisions 14.5 (green), 16.5 (purple) and 19.6 GeV (black).

Figure 6 left shows the e�ciency corrected �2 of net-proton distributions as a function of psNN for 0-5%, 5-10%
and 70-80% centralities of Au+Au collisions measured by STAR [31, 32]. The protons and anti-protons numbers
are measured with transverse momentum 0.4 < pT < 2 GeV/c and at mid-rapidity |y| < 0.5. The �2 shows a clear
non-monotonic variation with psNN for 0-5% centrality with a minimum around 20 GeV. Above 39 GeV, the values of
�2 are close to the unity for both central and peripheral collisions and deviate significantly below unity for the 0-5%
most central collisions at 19.6 and 27 GeV, then become above unity at 0-5% centrality in the energies below 19.6
GeV. Another intriguing structure observed in psNN dependence for the �2 of net-proton distributions in Au+Au
collisons is the so called ”Oscillation”. Namely, the oscillation is a structure that represents two observations, the so

6

Net-proton, 0.4 <pT<2 (GeV/c)

X. Luo, Nucl. Phys. A956 (2016) 75–82, [1512.09215].

degree calorimeter shower-maximum detectors [1]. We
have studied the sensitivity of dv1=dy to all experimental
cuts and selections, for both events and tracks, and inferred
systematic errors are plotted in Figs. 2 and 3.
Figure 1presentsv1ðyÞ at 10–40%centrality forK# ,K0

s ,ϕ,
Λ, and Λ̄. These measurements complement the correspond-
ing published information for protons, antiprotons, and
charged pions [7]. In the referenced v1 study, the overall
strength of the directed-flow signal near midrapidity was
characterized by the linear termF in a fit of the form v1ðyÞ ¼
Fy þ F3y3 [7]. This cubic fit reduces sensitivity to the
rapidity range over which the fit is performed, but becomes
unstable for low statistics, as is now the case for ϕ and Λ̄, and
to a lesser extent forΛ. Accordingly, the present analysis uses
a linear fit for all particle species at all beamenergies.The fit is
over jyj < 0.6 forϕ and over jyj < 0.8 for all other species. It
is evident from Fig. 1 that within errors the plotted species
have a near-linear v1ðyÞ over the acceptance of the STAR
detector. However, protons [7] show systematic deviations
from linearity and hence the proton dv1=dyjy¼ 0 is marginally
affected by changing the fit method. Hereafter, dv1=dy refers
to the slope obtained from the above linear fits.
The directed flow slope dv1=dy vs beam energy for p, p̄,

Λ, Λ̄, ϕ, K# , K0
s , and π# is presented in Figs. 2(a) and 2(b).

The proton and pion points in Fig. 2 differ slightly from
those in Ref. [7] in that a new measurement at

ffiffiffiffiffiffiffiffi
sNN

p ¼
14.5 GeV has been added, and the slope is now based on a
linear fit. We note four empirical patterns based on
Figs. 2(a) and 2(b). First, dv1=dy for Λ and p agree within
errors, and the Λ slope changes sign in the same region as
protons (near

ffiffiffiffiffiffiffiffi
sNN

p ¼ 11.5 GeV). However, the Λ errors
are not small enough to determine whether the minimum
observed in the proton slope near

ffiffiffiffiffiffiffiffi
sNN

p ¼ 15–20 GeValso
occurs for Λ. Second, dv1=dy for Kþ and K− are both
negative at all energies and are close to each other except at
the lowest energy, while dv1=dy for K0

s is everywhere
consistent within errors with the average of Kþ and K−. It

was found previously that dv1=dy for πþ and π− is likewise
close over these energies and is always negative. Third, the
slope for Λ̄ is negative throughout and is consistent within
errors with p̄ [7]. Fourth, at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 14.5 GeV and above,
the ϕ slope has much larger magnitude than other
mesons (pions and kaons) and is close to p̄ and Λ̄. At
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FIG. 1. Directed flow as a function of rapidity for the six indicated particle species in 10–40% central Au þ Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–200 GeV. The error bars include statistical uncertainties only; systematic errors are presented in Fig. 2. The two upper
panel rows use the same v1 scale with the exception of Λ̄ at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV, where v1 magnitudes are exceptionally large and require
the measurements to be divided by 5. Examples of linear fits to v1ðyÞ are shown in the case of Λ and ϕ.
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FIG. 2. Directed flow slope (dv1=dy) versus beam energy for
intermediate-centrality (10–40%) Au þ Au collisions. Panel
(a) presents heavy species Λ, Λ̄, protons, antiprotons, and ϕ,
while panel (b) presentsK# ,K0

s , and π# . Note that dv1=dy for Λ̄ atffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV is −0.128 # 0.022ðstatÞ # 0.026ðsysÞ, which
is far below the bottom of the plotted scale. The ϕ-meson result atffiffiffiffiffiffiffiffi
sNN

p ¼ 62.4 GeVhas a large uncertainty and is not plotted. Panel
(c) presents net protons, net Λ’s, and net kaons. The bars are
statistical errors, while the caps are systematic uncertainties. Data
points are staggered horizontally to improve visibility.

PHYSICAL REVIEW LETTERS 120, 062301 (2018)
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Published results of v1

Phys. Rev. Lett. 120, 062301 – Published 6 February 2018
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Fig. 5 The temperature dependence of the fourth, sixth and eighth
order cumulants of the net baryon number fluctuations χB

n relative to
the second order one. The temperature is given in units of the chiral

crossover temperature. The shaded area indicates the region of the chi-
ral crossover transition at µq/T = 0. The calculations were done in the
PQM model within the FRG approach

Fig. 6 Comparison of the temperature dependence of the ratios χB
6 /χB

2 and χB
8 /χB

2 for various µq/T corresponding to values at chemical
freeze-out in heavy ion collisions at RHIC. The shaded area indicates the region of the chiral crossover transition at µq/T = 0

cumulants χB
n . We also note that these minima become more

pronounced with increasing µq/T . In fact, the structure of
e.g. RB

6,2 becomes similar to that of χB
8 at large µq/T . This

is easily understood in terms of the Taylor expansion of
RB

6,2, where the dominant correction at non-zero µq/T is
due to χB

8 ,

RB
6,2(µq/T ) = RB

6,2(0)

+ 1
2

(
µq

T

)2(
RB

8 ,2(0) − RB
6,2(0)RB

4 ,2(0)
)

+ O
((

µq

T

)4 )
. (21)

This also makes it clear why for µq/T > 0 the location
of the minimum of RB

6,2(µq/T ) is shifted to lower temper-
atures relative to that of the chiral crossover temperature.
Similarly, at non-zero µq/T , the ratio RB

8 ,2(µq/T ) shows
more pronounced oscillations in the transition region, due
to contributions from higher order cumulants, which oscil-
late more rapidly in the transition region. The amplitude of
the maximum at high temperatures becomes compatible in
magnitude with that of the minimum.

4 Freeze-out and the QCD transition

The analysis of universal scaling functions that control the
thermodynamics in the vicinity of a phase transition in the
universality class of 3-dimensional O(4 ) symmetric theories
(Sect. 2), of model (Sect. 3) and of lattice calculations [22,
36] suggest that at vanishing baryon chemical potential the
sixth order cumulant of the net baryon number fluctuations
is negative in the entire high-temperature phase. In fact, the
O(4 ) scaling functions for higher cumulants turn negative
already in the vicinity of the chiral (mq = 0) critical temper-
ature, i.e. below the crossover temperature (mq > 0), which
is relevant for the transition at non-zero values of the light
quark masses. The regular terms in the QCD free energy
may shift the onset of the negative regime to higher tem-
peratures. However, model [35 ] as well as lattice [22, 36]
calculations suggest that the regime of negative sixth order
cumulants starts below but close to the QCD crossover tran-
sition temperature.

At non-zero baryon chemical potential, the temperature
interval of negative χB

6 , or equivalently RB
6,2(µq/T ), shrinks

and follows the crossover transition line. This is illustrated
in Fig. 7, which shows the temperature interval, closest to
the hadronic phase, where the sixth and eighth order cu-
mulants of the net baryon number fluctuations are negative,

• C6 of conserved value is predicted to be the signal of phase transition. 
(C6 <0)  

• C6 of net-proton were measured at QM2018 at √sNN = 200 GeV in Au+Au.  
• C6 of net-charge results will be shown.

Friman et al, Eur. Phys. J. C(2011) 71:1694

freeze-out conditions χB
4 /χ

B
2 χB

6 /χ
B
2 χQ

4 /χ
Q
2 χQ

6 /χ
Q
2

HRG 1 1 ∼ 2 ∼ 10
QCD: T freeze/Tpc<∼0.9 >∼1 >∼1 ∼ 2 ∼ 10
QCD: T freeze/Tpc ≃ 1 ∼ 0.5 < 0 ∼ 1 < 0

Table 1: Values for ratios of cumulants of net baryon number (B) and elec-
tric charge (Q) fluctuations for the case that freeze-out appears well in the
hadronic phase (third row) or in the vicinity of the chiral crossover tem-
perature (fourth row). We give results based on current lattice calculations
[20, 33] and on the calculations presented here. In the second row we give re-
sults of a HRG model calculation [33]. We also note that unlike the cumulants
of net baryon number fluctuations the ratios of cumulants of electric charge
fluctuations vary somewhat as a function of the baryon chemical potential
along the freeze-out line.

ble 1 shows, that ratios of cumulants of charge fluctuations are very sensitive
to possible differences in freeze-out and crossover temperature. Finally, we
note that these results do not account for possible finite volume effects nor
for possible effects of the evolution from chemical towards thermal freeze-out
in heavy ion collisions.
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Appendix

Here we summarize the basic steps involved in the calculation of the free
energy of the PQMmodel within the functional renormalization group (FRG)
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Motivation
Quark Matter2017

Toshihiro Nonaka, QM2018, Venice, Italy 12

✓ The first result of C6/C2 of net-charge.
✓ Net-charge has much larger errors than net-proton because the error strongly depends 

on the standard deviation.
✓ Results of net-charge C6/C2  are consistent with zero within large statistical errors.
✓ Negative values are observed in net-proton C6/C2 systematically from peripheral to 

central collisions.
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13Why net-charge?

• In addition to net-proton results, it is important to measure 
net-charge. 

• Net-charge is conserved value whereas net-proton and net-
Kaon are measured as a proxy of net-baryon and net-
strangeness.
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high pT

low pT

All positive charged particles All negative charged particles

N1, ε1 N2, ε2

Net-charge : N1-N2 Efficiency : (ε1+ε2 )/2

Difference between published and current method

|η|＜0.5

(w⇡�✏⇡�) + (wK�✏K�) + (wp̄✏p̄)(w⇡+✏⇡+) + (wK+✏K+) + (wp✏p)

• Earlier method : Count all charged particle with averaged efficiency.
• Current method : Count π, K, p with separated efficiencies.

n1,ε1 n2,ε2 n3,ε3 n4,ε4 n5,ε5 n6,ε6

n7,ε7 n8,ε8 n9,ε9 n10,ε10 n11,ε11 n12,ε12

π＋　          K+          　      p     　        πー　           K-             pbar

low-pT

high-pT

Net-charge : 

Efficiency : ✏1 ✏3 …
…

(n1 + n2 + n3 + n7 + n8 + n9)� (n4 + n5 + n6 + n10 + n11 + n12)

✏2 12 efficiency bins were used

• Earlier method                                                   a 

• Current method                                                       a 
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9

and their cumulants are given by

hNm
A ic = hNm

B ic = Cm. (70)

We are interested in the cumulants of the total particle number N = NA + NB. Due to the additive property of
cumulants for independent stochastic variables [7], cumulants of N are given by

Km ⌘ hNmic = hNm
A ic + hNm

B ic = 2Cm. (71)

Because of the e�ciency loss, the observed particle numbers nA and nB have di↵erent distributions from those of NA

and NB. The cumulants of nA and nB are represented by Cm by the inverse procedure of Eqs. (26) and (27) [7]. For
the first and second orders we have

hnXi = "XC1, (72)

hn2
Xic = "2XC2 + "X(1� "X)C1, (73)

with X =A and B. By substituting Eqs. (72) and (73) into Eqs. (58) and (59) with M = 2, the correct value of Km

is recovered.
Now, we consider a case that the e�ciency correction is performed by regarding n = nA + nB as a particle number

described by a single distribution function measured by an averaged e�ciency " = ("A + "B)/2. Then, the e�ciency
correction would be performed by substituting n = nA + nB and p = " into the result in Sec. II such as Eqs. (26) and
(27). For the first order, the result of this e�ciency correction is

K(ave)
1 = hN1i+ hN2i =

hn1i
"

+
hn2i
"

=
"1C1

"
+

"2C1

"
= 2C1. (74)

Therefore, the correct cumulant Eq. (71) is recovered to this order. This, however, is not the case for higher order

cumulants. By denoting the deviation of the reconstructed cumulant with average e�ciency K(ave)
m from the original

one as

�Km = Km �K(ave)
m = 2Cm �K(ave)

m , (75)

�Km is calculated to be

�K2 =
1

2

✓
�"

"

◆2

(C2 � C1), (76)

�K3 =
3

2

✓
�"

"

◆2

(C3 � 2C2 + C1), (77)

�K4 =
1

2

✓
�"

"

◆2

(6C4 � 18C3 + 19C2 � 7C1) +
1

8

✓
�"

"

◆4

(C4 � 6C3 + 11C2 � 6C1), (78)

with �" = "A � "B. The nonzero �Km shows that the reconstructed cumulant does not agree with the original one.
These results clearly show that the use of the averaged e�ciency gives rise to a deviation in the result of the e�ciency
correction. Only for Poisson distribution (C1 = C2 = ... = Cm), the deviation vanishes.

ε∆
0 0.2 0.4 0.6

 K
∆

0

100

200

(a)

= 04= 0, C3=25, C2=20, C1C
=0.5ε

2 K∆
3 K∆
4 K∆

ε∆
0 0.2 0.4 0.6

 K
∆

6−

4−

2−

0

2
(b)

=194=19, C3=19, C2=20, C1C
=0.5ε

FIG. 1. Deviation of the e�ciency corrected values of cumulants using averaged e�ciency �Km assuming (a) Gauss distribution
and (b) distribution that has 5% smaller cumulants than Poisson distribution.

Efficiency correction for different phase space

It was suggested that efficiency correction using the average efficiency for 
different region of the phase space (different pT bins for different particle 
species) would give artificial results when distributions do not follow Poisson.

Phys. Rev. C 95, 064912 T.Nonaka, M.Kitazawa and S.Esumi

We can’t estimate true corrected cumulant when 
uses average efficiencies if Δε is large.

2 distribution model

nA,εA nB,εB

5% smaller cumulants 
      than Poisson

�✏ = ✏A � ✏B
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and their cumulants are given by

hNm
A ic = hNm

B ic = Cm. (70)

We are interested in the cumulants of the total particle number N = NA + NB. Due to the additive property of
cumulants for independent stochastic variables [7], cumulants of N are given by

Km ⌘ hNmic = hNm
A ic + hNm

B ic = 2Cm. (71)

Because of the e�ciency loss, the observed particle numbers nA and nB have di↵erent distributions from those of NA

and NB. The cumulants of nA and nB are represented by Cm by the inverse procedure of Eqs. (26) and (27) [7]. For
the first and second orders we have

hnXi = "XC1, (72)

hn2
Xic = "2XC2 + "X(1� "X)C1, (73)

with X =A and B. By substituting Eqs. (72) and (73) into Eqs. (58) and (59) with M = 2, the correct value of Km

is recovered.
Now, we consider a case that the e�ciency correction is performed by regarding n = nA + nB as a particle number

described by a single distribution function measured by an averaged e�ciency " = ("A + "B)/2. Then, the e�ciency
correction would be performed by substituting n = nA + nB and p = " into the result in Sec. II such as Eqs. (26) and
(27). For the first order, the result of this e�ciency correction is

K(ave)
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cumulants. By denoting the deviation of the reconstructed cumulant with average e�ciency K(ave)
m from the original
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(C2 � C1), (76)

�K3 =
3

2

✓
�"

"

◆2
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with �" = "A � "B. The nonzero �Km shows that the reconstructed cumulant does not agree with the original one.
These results clearly show that the use of the averaged e�ciency gives rise to a deviation in the result of the e�ciency
correction. Only for Poisson distribution (C1 = C2 = ... = Cm), the deviation vanishes.
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16The STAR Detector

Λc
 Production in Au+Au Collisions at √sNN = 200 GeV  

at the STAR experiment 
Guannan Xie, for the STAR Collaboration

The STAR Collaboration
  drupal.star.bnl.gov/STAR/presentations

ABSTRACT: Charm quarks, predominantly produced in the early stage of heavy-ion collisions, are believed to provide unique information on the hot and dense medium created in 
such collisions. At RHIC, an enhancement in baryon-to-meson ratios for light hadrons and hadrons containing strange quarks has been observed in central heavy-ion collisions 
compared to p+p and peripheral heavy-ion collisions in the intermediate pT range (2 < pT < 6 GeV/c). This was explained by the hadronization mechanism involving multi-parton 
coalescence. Λc is the lightest charmed baryon with the mass close to D0 meson, and has an extremely short life time (cτ ~ 60 µm). Different models predict different levels of 
enhancement in the Λc/D0 ratio depending on the degree of charm quark thermalization in the medium and how the coalescence mechanism is implemented. 
In this poster, we will report the first measurement of Λc production in heavy-ion collisions using the recently installed Heavy Flavor Tracker at STAR. The Λc

 baryon is  reconstructed 
through the hadronic decay channel (Λc

 → pKπ) using topological cuts optimized by the Toolkit for Multivariate Data Analysis (TMVA). The invariant yield of Λc for 3 < pT < 6 GeV/c 
is measured in 10-60% central Au+Au collisions at √sNN = 200 GeV. The measured Λc/D0 ratio will be compared with different model calculations, and the physics implications will be 
discussed. 

Lawrence Berkeley National Laboratory & University of Science and Technology of China

•  Significant enhancement in baryon-to-meson ratio has been observed in central heavy-ion 
collisions compared to p+p and peripheral heavy-ion collisions in the intermediate transverse 
momentum (pT) range for light hadron and hadrons containing strange quarks, suggesting 
hadronization through collective multi-parton coalescence. 

•  Charm baryon-to-meson ratio in heavy-ion collisions is sensitive to the charm quark 
hadronization mechanism, charm quark thermalization. Different models have quite different 
predictions for this enhancement and to charm quark thermalization.
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Heavy Flavor Tracker 

 HFT: 
•  Silicon	Strip	Detector:	r	~22	cm. 
•  Intermediate	Silicon	Tracker:	r	~14	cm. 
•  PiXeL	detector:	r	~2.8	&	8	cm,		
					MAPS,	20.7x20.7	µm2,	50	µm	thick,	air-cooled,~0.5%X0	for	the	innermost	layer.	
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STAR and HFT Performance

Efficiency : Data-Driven Fast Simulation

Validated  with full 
GEANT simulation !  

Results
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•  First measurement of Λc in heavy-ion collisions by STAR 
•  A significant enhancement in the ratio of Λc over D0 has been observed in Au+Au 

collisions (10-60%) at √sNN = 200 GeV.  

•  OUTLOOK: In run 2016, STAR recorded 2 billion Au+Au events with all inner 
ladders replaced with Al cables and better operation with more active sensors. More 
precise  measurements of Λc production, especially its Rcp, will be possible. 

Summary and Outlook

[1] S. Ghosh et al.,PRD 90 054018 (2014). [2] Y. Oh et al.,PRC 79 044905 (2009). [3] S. Lee et al.,PRL 100 222301 (2008).
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(Rectangular) Topological Cut Optimization using TMVA
•  Background was constructed from real data using wrong-sign method. 
•  Signal was simulated with data-driven fast simulation. 
•  The figures below show the comparison between signal and background for pT > 3 GeV/c. 

+�

-�

dca12�
dca23�dca31�

V0�

Λc Reconstruction

•  Comparison of fast simulation and full GEANT simulation  •  Λc
+/- reconstruction efficiency 

Motivation

Ingredients: 
•  Extract centrality-dependent vertex z distributions from data. 
•  Extract ratio of HFT matched tracks to TPC tracks from data. 
•  Extract DCAXY - DCAZ distributions from data.  
•  Extract TPC efficiency and momentum resolution from embedding. 

Distance of Closest Approach resolution 
achieved in Run 2014 using Al cables. 

STAR Preliminary� STAR Preliminary� STAR Preliminary�

STAR Preliminary�

•  The invariant yield of Λc for 3 < pT < 6 GeV/c is measured in 10-60% central 
Au+Au collisions. 

•  The ratio of Λc over D0 ratio in 10-60% Au+Au collisions is significantly enhanced 
than PYTHIA prediction in proton-proton collisions. 

Λc
+ (udc), mass ~ 2286 MeV/c2, cτ ~ 60 µm 

D0 (cu), mass ~ 1864 MeV/c2, cτ ~ 123 µm 
D+ (cd), mass ~ 1869 MeV/c2, cτ ~ 311 µm 
 
 
 

Direct topological reconstruction: 
Λc

+ à p+K-π+   BR ~ 6.35% 
•  pK�  1.98% � 66.7% = 1.32%
•  Δ++Κ  1.09% � 100% = 1.09%
•  Λ(1520) π+ 2.2% � 22.5% = 0.495%
•  Non-resonant  3.5% 
 
 

Λc
+/- signals from different centralities 

[4] C. Patrignani et al. Chin. 
Phys. C 40 100001 (2016)
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Time Projection Chamber

Using different kinematic window  
to avoid auto-correlation.

Time-Of-Flight

• PID in a broad pT region. 
• Used to remove pile-up 
events.

η

net-charge 
analysis

0 0.5-0.5 1-1

Determine 
centrality 
(Refmult2)• Used for tracking, momentum 

determination and PID. 
• Used to determine centrality and 
to calculate fluctuations.
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STAR Preliminary

• PID have been done by using dE/dx of TPC 
• TOF is also used for PID at high pT region
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18Data set 

|vZ| <30
|vr| <2

Pile up event cut 0.46 * nRefMult - 10 < nTOFMatch

Event Selection

Track cut π K p
pT (TPC only) 0.2 - 0.5 GeV/c 0.2 - 0.4 GeV/c 0.4 - 0.8 GeV/c 
pT (TPC+TOF) 0.5 - 1.6 GeV/c 0.4 - 1.6 GeV/c 0.8 - 2. GeV/c 

｜η｜ < 0.5
dca <1

nhitsfits >20
track quality >0.52
nhitsdedx >10
Centrality Refmult2 (｜η｜>0.5)

PID (TPC) nSigmaPion < 2 nSigmaKaon < 2 nSigmaProton < 2
PID (TOF) -0.15< m2 <0.14 0.14< |m2| <0.4 0.6 < |m2| <1.2 

Same as net-charge  
 published results

Run11(0-80%) Run10(10-80%) Run10(0-10%) UrQMD

NEvent 485M 211M 196M 45M
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Efficiency estimation

pT

①pT dependent efficiencies were estimated for each 
centrality using embedding method.

Effi
ci
en

cy

② pT integrated efficiencies   
        were estimated using results  

       of ① and spectra data.

③ pol1 fit and estimate tracking  
efficiencies for each multiplicity bin.

✏i =

R
✏ipT (pT )f(pT )dpTR

f(pT )pT dpT

Effi
ci
en

cy

Refmult2Cor

PHYSICAL REVIEW C 79, 051901(R) (2009)

|⌘| < 0.5
RAPID COMMUNICATIONS

SPECTRA AND RADIAL FLOW IN RELATIVISTIC HEAVY . . . PHYSICAL REVIEW C 79, 051901(R) (2009)
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FIG. 1. (Color online) Identified particle transverse momentum
spectra in Au + Au collisions at

√
s

NN
= 200 GeV in 0–10% central

collisions (a) and in peripheral 60–80% collisions (b). The symbols
represent experiment data points. The solid curves represent the TBW
fit and the dashed lines are BGBW calculations with β and T values
from Ref. [5]. Only fits to the particles are shown because both models
have the same spectral shapes for particles and antiparticles.

choose the Minuit in Root [49] to perform a least-χ2 fit used
in Ref. [1]. Figure 1 shows the pT spectrum data together
with our fit results in two selected centrality bins (0–10%
and 60–80%) in Au + Au collisions. The fit parameters and
χ2/DoF are tabulated in Table I. As stated earlier in our model’s
third assumption, surface emission could become important at
high pT ; we limit our fits to pT < 3 GeV/c to avoid this
region, which still extends the fit range well beyond previous
BGBW fits. The curves from our model generally describe
the data very well, especially in central Au + Au collisions.
For peripheral Au + Au collisions, the meson spectra are well
described by the model while the baryons are in general
overpredicted at higher pT . On the other hand, the χ2/DoF
show good fits in all cases. The main results are as follows.

(i) (q − 1), a measure of the degree of nonequilibrium,
decreases by a factor of 5 from 0.086 to 0.018. This
means the power in the mT power law increases
from about 12 to 56, attaining an almost Boltzman
distribution.

(ii) T , the average temperature of the local source, shows
a small increase from 114 to 122 MeV. This trend is

q-1
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β
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T
 (

G
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)

0.11

0.115

0.12

0.125 Au+Au @ 200 GeV

FIG. 2. (Color online) The fit parameters T and β as a function
of (q − 1). Each block is one-σ contour from the error matrix of the
TBW fit for a given centrality of Au + Au collisions.

in contrast to the conventional BGBW result, where a
decrease of temperature was observed [38].

(iii) β, the average flow velocity, increases from 0 in
peripheral to 0.47c in central Au + Au collisions.

Figure 2 shows the temperature and flow velocity versus
(q − 1) for Au + Au collisions. Each shaded region represents
a one-σ contour from the error matrix obtained from the TBW
fit for a given centrality. The dependence is clearly nonlinear
and has a negative correlation. There is a jump in flow velocity
from zero in p + p and 60–80% Au + Au centrality to 0.28 at
40–60% Au + Au centrality, coinciding with the transition be-
havior in several other observables [50]. We fit the distributions
with a quadratics and obtain T = (0.123 ± 0.0014) − (1.2 ±
0.4)(q − 1)2 and β = (0.49 ± 0.01) − (61 ± 5)(q − 1)2, as
shown in the figure.

Because the TBW model can be used to describe systems
at nonequilibrium, it is natural to extend the fit to p + p
collisions. However, a very poor χ2/DoF was obtained if we
include all of the mesons and baryons in a common fit. Instead,
two separate groups of mesons and baryons show good fits.
Figure 3 shows the results of the fits together with the data
points. In both cases, the flow velocity was set at the lower
limit of β = 0 as was also independently verified if β was set

TABLE I. Values of parameters from TBW fit to identified particle transverse spectra in Au + Au
collisions of different centralities and in p + p collisions at RHIC. Quoted errors are quadratical
sums of statistical and uncorrelated systematic errors. The limits of β are set to [0, 0.7].

Centrality β T q − 1 χ 2/DoF

0–10% 0.470 ± 0.009 0.122 ± 0.002 0.018 ± 0.005 130/125
10–20% 0.475 ± 0.008 0.122 ± 0.002 0.015 ± 0.005 119/127
20–40% 0.441 ± 0.009 0.124 ± 0.002 0.024 ± 0.004 159/127
40–60% 0.282 ± 0.017 0.119 ± 0.002 0.066 ± 0.003 165/135
60–80% 0+0.05

−0 0.114 ± 0.003 0.086 ± 0.002 138/123
Meson pp 0 0.089 ± 0.004 0.100 ± 0.003 53/66
Baryon pp 0 0.097 ± 0.010 0.073 ± 0.005 55/73

051901-3
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with s0i = 1 + pi(si � 1). From Eq. (52), one finds that @(a)K̃f = @(ap)Kf and

@(a)Kf = @(a/p)K̃f , @(a)@(b)Kf = @(a/p)@(b/p)K̃f , (53)

and so forth, where it is understood that s = 1 is substituted and @(a/p) =
PM

i=1(ai/pi)(@/@si). Equation (53)

connects the factorial cumulants of P̃ (n) and P (n).
For the e�ciency correction, one must represent the cumulants of P (n) by those of P̃ (n). Similar to the procedure

in Sec. II, these relations are obtained by the following steps:

1. Convert a cumulant of P (N) into factorial cumulants.

2. Convert the factorial cumulants of P (N) into factorial cumulants of P̃ (N).

3. Convert the factorial cumulants of P̃ (N) into cumulants.

The explicit manipulation up to the third order is shown as follows:

hQ(a)ic = hQ(a)ifc = hq(a/p)ifc = hq(a/p)ic, (54)

hQ2
(a)ic = hQ2

(a)ifc + hQ(a2)ifc = hq2(a/p)ifc + hq(a2/p)ifc
= hq2(a/p)ic � hq(a2/p2)ic + hq(a2/p)ic, (55)

hQ3
(a)ic = hQ3

(a)ifc + 3hQ(a)Q(a2)ifc + hQ(a3)ifc = hq3(a/p)ifc + 3hq(a/p)q(a2/p)ifc + hq(a3/p)ifc
= hq3(a/p)ic � 3hq(a/p)q(a2/p2)ic + 2hq(a3/p3)ic + 3

�
hq(a/p)q(a2/p)ic � hq(a3/p2)ic

�
+ hq(a3/p)i, (56)

where we defined the linear combination of ni as

q(a) =
MX

i=1

aini, q(ab/p) ⌘
MX

i=1

(aibi/pi)ni, (57)

and so forth. The explicit results up to the sixth order are given by
⌦
Q
↵
c
= hq(1,1)ic, (58)

⌦
Q2

↵
c
= hq2(1,1)ic + hq(2,1)ic � hq(2,2)ic, (59)

⌦
Q3

↵
c
= hq3(1,1)ic + 3hq(1,1)q(2,1)ic � 3hq(1,1)q(2,2)ic + hq(3,1)ic � 3hq(3,2)ic + 2hq(3,3)ic, (60)

⌦
Q4

↵
c
= hq4(1,1)ic + 6hq2(1,1)q(2,1)ic � 6hq2(1,1)q(2,2)ic + 4hq(1,1)q(3,1)ic + 3hq2(2,1)ic

+3hq2(2,2)ic � 12hq(1,1)q(3,2)ic + 8hq(1,1)q(3,3)ic � 6hq(2,1)q(2,2)ic
+hq(4,1)ic � 7hq(4,2)ic + 12hq(4,3)ic � 6hq(4,4)ic, (61)

⌦
Q5

↵
c
= hq5(1,1)ic + 10hq3(1,1)q(2,1)ic � 10hq3(1,1)q(2,2)ic + 10hq2(1,1)q(3,1)ic � 30hq2(1,1)q(3,2)ic

+20hq2(1,1)q(3,3)ic + 15hq2(2,2)q(1,1)ic + 15hq2(2,1)q(1,1)ic � 30hq(1,1)q(2,1)q(2,2)ic
+5hq(1,1)q(4,1)ic � 35hq(1,1)q(4,2)ic + 60hq(1,1)q(4,3)ic � 30hq(1,1)q(4,4)ic
+10hq(2,1)q(3,1)ic � 30hq(2,1)q(3,2)ic + 20hq(2,1)q(3,3)ic
�10hq(2,2)q(3,1)ic + 30hq(2,2)q(3,2)ic � 20hq(2,2)q(3,3)ic
+hq(5,1)ic � 15hq(5,2)ic + 50hq(5,3)ic � 60hq(5,4)ic + 24hq(5,5)ic, (62)

⌦
Q6

↵
c
= hq6(1,1)ic + 15hq4(1,1)q(2,1)ic � 15hq4(1,1)q(2,2)ic + 20hq3(1,1)q(3,1)ic � 60hq3(1,1)q(3,2)ic

+40hq3(1,1)q(3,3)ic � 90hq2(1,1)q(2,2)q(2,1)ic + 45hq2(1,1)q2(2,1)ic + 45hq2(1,1)q2(2,2)ic
+15hq3(2,1)ic � 15hq3(2,2)ic + 15hq2(1,1)q(4,1)ic � 105hq2(1,1)q(4,2)ic + 180hq2(1,1)q(4,3)ic � 90hq2(1,1)q(4,4)ic
�45hq2(2,1)q(2,2)ic + 45hq2(2,2)q(2,1)ic + 60hq(1,1)q(2,1)q(3,1)ic � 180hq(1,1)q(2,1)q(3,2)ic
+120hq(1,1)q(2,1)q(3,3)ic � 60hq(1,1)q(2,2)q(3,1)ic + 180hq(1,1)q(2,2)q(3,2)ic � 120hq(1,1)q(2,2)q(3,3)ic
+6hq(1,1)q(5,1)ic � 90hq(1,1)q(5,2)ic + 300hq(1,1)q(5,3)ic � 360hq(1,1)q(5,4)ic + 144hq(1,1)q(5,5)ic
+15hq(2,1)q(4,1)ic � 105hq(2,1)q(4,2)ic + 180hq(2,1)q(4,3)ic � 90hq(2,1)q(4,4)ic
�15hq(2,2)q(4,1)ic + 105hq(2,2)q(4,2)ic � 180hq(2,2)q(4,3)ic + 90hq(2,2)q(4,4)ic
+10hq2(3,1)ic � 60hq(3,1)q(3,2)ic + 40hq(3,1)q(3,3)ic + 90hq2(3,2)ic � 120hq(3,2)q(3,3)ic + 40hq2(3,3)ic
+hq(6,1)ic � 31hq(6,2)ic + 180hq(6,3)ic � 390hq(6,4)ic + 360hq(6,5)ic � 120hq(6,6)ic,

(63)

Factorial cumulant method

 1-4th-order cumulants (factorial cumulant formula)
Phys. Rev. C 95, 064912 


T.Nonaka, M.Kitazawa and S.Esumi

Number of phase space
Number of particle

Efficiency+1(positive charge) or -1(negative charge)

Cumulant (measured) Factorial Cumulant (measured)

Factorial Cumulant (true)Cumulant (true)

Efficiency correction

Cumulant (true)

Cumulant (measured)
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21Statistical error estimation
• Statistical errors are estimated by Bootstrap method.

…

Original Data

Resumpling

About 100 times

Cumulant : Cn

Cumulant : Cn*1

Cumulant : Cn*2

Cumulant : Cn*100

Error of Cn is estimated by calculating standard error 
of Cn* distribution.
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1. Calculate Nw and Ncoll by Monte Carlo simulation.

Glauber model
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2. Calculate multiplicity by two component model and NBD.
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Ncoll_Npart

• Nw can’t be measured directly by experiment so estimated by Glauber model.

Repeat

Number of source : 
(1-x)*(Nw/2.)+x*Ncoll

x=0.13

Two component model

Nw

: initial source
: final state multiplicity

• Final state particles are generated 
from each source independently. (IPP) 

• Number of particles from each source 
is fluctuating under the NBD.

100M times• Width : 0.535 
• Radius : 6.4 
• σ: 4.2
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FIG. 2. (Color online) The centrality dependence of the moments products (Sσ) of net-proton
multiplicity distributions for Au+Au collisions at

√
s
NN

=7.7, 11.5, 19.6, 27, 39, 62.4, 200GeV
in UrQMD model. The solid dots represent the results calculated from 32 centrality bins.
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FIG. 3. (Color online) The centrality dependence of the moments products (κσ2) of net-proton
multiplicity distributions for Au+Au collisions at

√
s
NN

=7.7, 11.5, 19.6, 27, 39, 62.4, 200GeV
in UrQMD model. The solid dots represent the results calculated from 32 centrality bins

Centrality Bin Width Correction
• Initial volume which correspond to number participant nucleons (Nw) 

are different even in the same centrality bins.

Xiaofeng Luo, J. Phys. G: Nucl. Part. Phys. 40 105104 (2013)

• Because of VF, cumulants are artificially enhanced which would be the 
background which should be eliminated.

Nucleus1 Nucleus2

Large initial volume 
Participant

Centrality

• STAR applied Centrality Bin Width 
Correction (CBWC). 

• In this correction, cumulants are calculated 
for each multiplicity bins.

Cumulants in r-th  
multiplicity bins

WeightCumulants for  
each centrality bins

Enhanced by VF

Reduce 
 VF by 
CBWC

0% 10%

Small initial volume 

0-10%  
centrality bin

Cn =
X

r

wrC(n,r) wr =
NrP
r Nr
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25How to estimate Systematic uncertainty?

+α?

Net-charge (published)

• Efficiency of positively charged particle and negatively charged particle 
are changed ±5% at published results.  
(pos,neg) = (+5%, +5%) and (-5%, -5%) 

• In this analysis, efficiencies are changed 0.3% separately in addition 
to conventional method. 
(pos,neg) =(+5%, +5%), (-5%, -5%), (+0.3%, -0.3%), (+0.3%, -0.3%)
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nhitdedx>8
eff+5%
eff-5%
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default
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nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
|dca|<0.8
|dca|<1.2
nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
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nhits>22
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nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
|dca|<0.8
|dca|<1.2
nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
|dca|<0.8
|dca|<1.2
nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
|dca|<0.8
|dca|<1.2
nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
|dca|<0.8
|dca|<1.2
nhits>22
nhits>18
nhitdedx>12
nhitdedx>8
eff+5%
eff-5%
pos+0.3%,neg-0.3%
pos-0.3%,neg+0.3%

default
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default
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nhits>22
nhits>18
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• (Effpos*1.003, Effneg*0.997) and (Effpos*0.997, Effneg*1.003) were 
calculated to estimate systematic uncertainty of the deviation between 
positively and negatively charged particle efficiency.

Cumulants (Run11, 350043) 

C
6

C
5

C
1 C
2

C
3 C
4

<Npart> <Npart> <Npart> <Npart>

<Npart><Npart>

0-10%

Run11 350043<Npart>
N
cn



TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

28

0 50 100 150 200 250 300 3500

1

2

3

4

5

6

7

8

0 50 100 150 200 250 300 3500

50

100

150

200

250

300

350

400

0 50 100 150 200 250 300 350
20−

10−

0

10

20

30

40

50

60

0 50 100 150 200 250 300 3501000−

500−

0

500

1000

1500

2000

2500

3000

0 50 100 150 200 250 300 350100−

50−

0

50

100

150

200
310×

0 50 100 150 200 250 300 350

15−

10−

5−

0

5

10

15

610×

0 50 100 150 200 250 300 350

50
100
150
200
250
300
350
400
450
500

Cumulants (Run11, 350043) 

C
6

C
5

C
1 C
2

C
3 C
4

<Npart> <Npart> <Npart> <Npart>

<Npart><Npart>

0-10%

<Npart>
N
cn

Run11 350043

• (Effpos*1.003, Effneg*0.997) and (Effpos*0.997, Effneg*1.003) were 
calculated to 
estimate systematic uncertainty of the deviation between positively and 
negatively charged particle efficiency.
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30Cumulants (Run10+Run11) 
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• From 1st- to 6th-order cumulants were measured as a function of <Npart> 
• Linear trend can be seen. 
• For higher-order cumulants, statistical uncertainties are larger than the 

systematic ones. 
•  NBD baseline becomes larger than experimental values especially at C4.

Au+Au,√sNN = 200GeV 
Run10+Run11 
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32Cumulant ratios

<Npart>

C
6/
C
2

• C6/C2 is consistent with statistical baseline for all centralities. 
• All statistical baseline and UrQMD results of C6/C2 are consistent  

within statistical uncertainties.

Au+Au,√sNN = 200GeV 
Run10+Run11
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33Summary1

•Net-charge cumulants up to 6th-order in Au+Au collisions at √sNN=200 GeV 
were reported. 

• Cumulant ratios were compared to statistical baseline and UrQMD results. 
• All statistical baselines and UrQMD results are consistent with experimental 
C6/C2 measurement within the statistical uncertainty.  
→With the current uncertainties crossover type of phase transition 
cannot be excluded.
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Volume fluctuation correction
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35Volume fluctuation correction (VFC)
• Nw is fluctuating even if final state multiplicity is fixed. 

→CBWC may not be enough to eliminate VF

Nuclear Physics A Volume 960, April 2017, Pages 114-130

Nucleus1 Nucleus2

: initial source
: final state multiplicity

Independent particle production  
(IPP) model

• Under the IPP model, measured cumulants include  
additional term from VF which can be written by Nw cumulants. 

• We can know true cumulants by subtracting additional terms (VFC)
Measured cumulant True cumulant

1(�N) = hNW i1(�n)
Δn : number of net-particle

Additional term caused from Nw fluctuation
2(�N) = hNW i2(�n) + h�ni22(NW )

3(�N) = hNW i3(�n) + 3h�ni2(�n)2(NW ) + h�ni33(NW )

4(�N) = hNW i4(�n) + 4h�ni3(�n)2(NW )

+32
2(�n)2(NW ) + 6h�ni22(�n)3(NW ) + h�ni44(NW )

4(�N) = hNW i4(�n) + 4h�ni3(�n)2(NW )

+32
2(�n)2(NW ) + 6h�ni22(�n)3(NW ) + h�ni44(NW )

https://www.sciencedirect.com/science/journal/03759474
https://www.sciencedirect.com/science/journal/03759474/960/supp/C
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Toy model method

 

Glauber : 500M events 
Poisson : 100M events

• Generate 2 independent  
Poisson distribution 

• Parameter : λ+ ,λ-

Nw fixed : Generate Poisson <Nw> times.  
…No Nw fluctuation  
Nw fluc : Generate Poisson Nw times. 
…Nw fluctuation 

VFC : Subtract Nw fluctuation

λ+ *<Nw> = N+ 

λ- *<Nw> = N- 

(λ+-λ-) *<Nw> = (N+-N-)
Number of particles

Nw Calculated  
from Glauber

• Nw fixed and VFC results should be same. 
• Results from CBWC are also compared. 

Should be same

VF(small)

VF(large)

• λ+  and λ- are determined to N+ and N-  describe the real experiment.

36

https://drupal.star.bnl.gov/STAR/system/files/0404_vfc_sys.pdf
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Toy model VFC check (10%step)

• K2 does not largely affected by participant fluctuation. 
• Nw fixed cumulants are consistent with Poisson baseline. 
• Nw fluc cumulants are enhanced by VF.  

<Nw>

K2
(N

+-
N
-)

K 3
(N

+-
N
-)

K 4
(N

+-
N
-)

Enhanced by VF

Consistent  
with Poisson 

Not affected 
by VF

<Nw> <Nw>

Glauber : 500M 
Poisson : 100M  
bootstrap=100
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Toy model VFC check (10%step)

• VFC works well up to 4-th order cumulants. 
• CBWC can reduce VF but not enough.

Reduce VF but 
not enough

Subtract VF 
by VFC

<Nw>

K2
(N

+-
N
-)

K 3
(N

+-
N
-)

K 4
(N

+-
N
-)

<Nw> <Nw>

Glauber : 500M 
Poisson : 100M  
bootstrap=100

Statistical base line

Expected VF baseline

Not affected 
by VF
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39UrQMD model

 

M
ul
tip

lic
ity

<Nw>

• VFC will be done by using UrQMD model in which IPP model might be 
broken. 

• In this model, we can directly know Nw without Glauber fit.

How to know “true” cumulants?

Cumulants in 
r-th Nw bins

• In order to compare to CBWC and VFC 
results, we want to know “true” (no VF) 
cumulants. 

• “True” cumulants can be calculated by 
CBWC using Nw instead of multiplicities.

…
Standatd 
CBWC

…

Cr

Cr+1

Cr+2

Cr Cr+1Cr+2CBWC 
by Nw (no VF)

10% step line

https://drupal.star.bnl.gov/STAR/system/files/0404_vfc_sys.pdf
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40UrQMD results

K 4
(N

+-
N
-)

<Nw>

: CBWC by multiplicity (experimental CBWC)
: CBWC by Nw (true)
: VFC was applied
: No correction

• CBWC-Nw (no VF, true) cumulants are larger than CBWC results even though CBWC 
results include VF. 
- IPP assumption is expected to be broken in UrQMD. 

• CBWC results are larger than VFC results and close to CBWC-Nw cumulants. 
- CBWC is better than VFC?

0 50 100 150 200 250 300 350 400

200

250

300

350

400

450

500

550

600 WO CBWC nor VFC

VFC

CBWC-Nw (no VF)

CBWC

WO CBWC nor VFC

VFC

CBWC-Nw (no VF)

CBWC

WO CBWC nor VFC

VFC

CBWC-Nw (no VF)

CBWC

WO CBWC nor VFC

VFC

CBWC-Nw (no VF)

CBWC

0 50 100 150 200 250 300 350 4000

100
200
300
400

500
600
700
800

900

0 50 100 150 200 250 300 350 4002000−

1000−

0

1000

2000

3000

4000

0 50 100 150 200 250 300 350 400400−

350−

300−

250−

200−

150−

100−

50−

0

50

100
310×

0 50 100 150 200 250 300 350 4000

1

2

3

4

5

6

0 50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400

0 50 100 150 200 250 300 350 40040−

20−

0

20

40

60

80

100

0 50 100 150 200 250 300 350 400
2000−

0

2000

4000

6000

8000

10000

Raw

Reduce VF

Over correction?

No VF

0 50 100 150 200 250 300 350 400

250

300

350

400

450

500

550

Nw fixed

Poisson

Nw fluc

Nw fluc Exp

VFC

CBWC+Nw fluc

Nw fixed

Poisson

Nw fluc

Nw fluc Exp

VFC

CBWC+Nw fluc

Nw fixed

Poisson

Nw fluc

Nw fluc Exp

VFC

CBWC+Nw fluc

Nw fixed

Poisson

Nw fluc

Nw fluc Exp

VFC

CBWC+Nw fluc

0 50 100 150 200 250 300 350 4000

100
200
300
400

500
600
700
800

900

0 50 100 150 200 250 300 350 4002000−

1000−

0

1000

2000

3000

4000

0 50 100 150 200 250 300 350 400400−

350−

300−

250−

200−

150−

100−

50−

0

50

100
310×

0 50 100 150 200 250 300 350 4000

1

2

3

4

5

6

0 50 100 150 200 250 300 350 400

50
100
150
200
250
300
350
400
450
500

0 50 100 150 200 250 300 350 40040−

20−

0

20

40

60

80

100

0 50 100 150 200 250 300 350 400

0

2000

4000

6000

8000

10000

K 4
(N

+-
N
-)

Toy modelUrQMD

<Nw>



TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

41Summary2

• It is important to eliminate VF in fluctuation analysis. 
• 2.5% centrality division can reduce VF as well as CBWC. 
• Even though CBWC has applied, we can’t completely remove 

participant fluctuation under the IPP models. 
• However, VFC does not works well in UrQMD model so IPP model is 

expected to be broken in UrQMD. 
• More detail studies for VFC are needed to apply VFC to real experiment.
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42Future plan
1. analyze 54 GeV net-charge 

- Recently net-proton C6 of 54 GeV was reported. 
2. Eta dependence 
3. Develop VFC study 
4. Apply VFC to experimental data
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back up
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MC : 1M
Experiment 
• npp=2.35 
• x=0.13 
• k=0.9 
• efficiency 
 =1-Refmult2Cor*(0.206/560)

npp : Mean number of generated  
        particles from each source.  
k    :  Parameters of NBD.  
x    : Parameter of two component 
        model. 
Number of source : 

(1-x)*(Npart/2.)+x*Ncoll

UrQMD 
• npp=2.90 
• x=0.13 
• k=0.9 
• efficiency=1

Refmult2Refmult2

da
ta
/M

C
da
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/M

C

UrQMD

C
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Glauber fit results
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46Centrality bins
Centrality bin <Npart>

0-10 406 323.41

10-20 295 234.16

20-30 204 166.14

30-40 134 114.3

40-50 82 75.09

50-60 47 46.32

60-70 24 26.14

70-80 11 13.15

8 bin
Centrality bin <Npart>

0-5 469 347.47
5-10 406 298.9
10-15 348 253.64
15-20 295 214.79
20-25 247 180.99
25-30 204 151.34
30-35 167 125.669
35-40 134 103.2
40-45 106 83.61
45-50 82 66.65
50-55 63 52.38
55-60 47 40.46
60-65 34 30.28
65-70 24 22.0
70-75 17 15.73
75-80 11 10.93

16 bin
Centrality bin <Npart>
0-2.5 504 358.83
2.5-5 469 336.16
5-7.5 437 311.16
7.5-10 406 286.74
10-12.5 376 263.97
12.5-15 348 243.02
15-17.5 320 223.61
17.5-20 295 205.41
20-22.5 270 188.85
22.5-25 247 172.91
25-27.5 225 158.33
27.5-30 204 144.42
30-32.5 185 131.64
32.5-35 167 119.78
35-37.5 150 108.56
37.5-40 134 97.93
40-42.5 119 88.02

32 bin

…
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47Factorial cumulant method

Number of phase space
Number of particle

Efficiency
+1(positive charge) or -1(negative charge)

 Example (the 1st-order net-charge fluctuation)

�
n(⇡�,lowpt)

p(⇡�,lowpt)
�

n(⇡�,highpt)

p(⇡�,highpt)
�

n(K�,lowpt)

p(K�,lowpt)
�

n(K�,highpt)

p(K�,highpt)
�

n(pbar,lowpt)

p(pbar,lowpt)
�

n(pbar,highpt)

p(pbar,highpt)

=
n(⇡+,lowpt)

p(⇡+,lowpt)
+

n(⇡+,highpt)

p(⇡+,highpt)
�

n(K+,lowpt)

p(K+,lowpt)
+

n(K�,highpt)

p(K+,highpt)
+

n(pbar,lowpt)

p(pbar,lowpt)
+

n(p,highpt)

p(p,highpt)

• 2(charge)*3(πKp)*2(highpt,lowpt)=12 efficiency bins are used 
 at net-charge fluctuation analysis.

Cumulant (true)
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Luminosity_Uncorr

Luminosity_Corr

350043                      350003                      350013                      350023                       350033

Correction parameter of Refmult2 (Run11)
• Refmult2 was used to determine centrality at net-charge analysis.  
(multiplicity of 0.5<|η|<1) 

• Refmult2 depend on z-vertex and luminosity and trigger ID. 
• Calculate z-vertex and luminosity correction parameter for each  
trigger ID.

• Fit by pol1 ( [0]+[1]x )
correction luminosity =

1

1 + [1]/[0] ⇤ ZdcCoincidenceRate
luminosity correction factor



TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

49

30− 20− 10− 0 10 20 30
480

490

500

510

520

530

540

550

560

570

Vz Uncorr

Vz_Corr

30− 20− 10− 0 10 20 30
480

490

500

510

520

530

540

550

560

570

30− 20− 10− 0 10 20 30
480

490

500

510

520

530

540

550

560

570

30− 20− 10− 0 10 20 30
480

490

500

510

520

530

540

550

560

570

30− 20− 10− 0 10 20 30
480

490

500

510

520

530

540

550

560

570

Z-vertex correction (Run11)

• Fit by pol2 ( [0]+[1]x+[2]x^2 )

Vz correction factor

350043            350003             350013            350023              350033

Vz

M
ax

 R
ef
m
ul
t2

([0] of 350043) - [0] 
Scaled to 350043

Refmult2Corr = (Refmult2+gRandom->Rndm())*correction_lunimosity*Hovno
Luminosity  

correction factor
0 to 1 random number 
to remove kink structureRaw Remult2Corrected 

Refmult2

Hovno =
[0] + par

[0] + [1] ⇤ x + [2] ⇤ x2
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50Purity of π, K, p (TPC)

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.200-0.205

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.300-0.305

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.400-0.405

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.500-0.505

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.600-0.605

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.700-0.705

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.800-0.805

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.900-0.905

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.200-0.205

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.300-0.305

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.400-0.405

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.500-0.505

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.600-0.605

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.700-0.705

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.800-0.805

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.900-0.905

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.200-0.205

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.300-0.305

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.400-0.405

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.500-0.505

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.600-0.605

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.700-0.705

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.800-0.805

30− 20− 10− 0 10 20 30
<E/dx>

1

10

210

310

410

510

610

C
ou
nt
s

pt=0.900-0.905

Low pT

π

K

p

High pT

Current boarder line

nσpion nσpion nσpion

nσKaon nσKaon nσKaon

nσProton nσProton nσProton

Purity π K
pT=0.4 99.97% 99.03%

pT=0.5 99.34% 85.04%

pT=0.6 90.11%

Current boarder line

Purity p
pT=0.7 99.94%

pT=0.8 99.43%

pT=0.9 95.61%

・pT range of pion can be  
expand to 0.5 GeV/c.  
(before : 0.4GeV/c) 
・Current pT range of Kaon 
 and proton seems good. 
  (99% purity) 

2σ line
pT=0.3 pT=0.4 pT=0.5

pT=0.3 pT=0.4 pT=0.5

pT=0.7 pT=0.8 pT=0.9
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pt=2.000-2.005

TOF Purity

Purity π K
pT=1.5 99% 100%
pT=1.6 98% 99%
pT=1.7 97% 97%
pT=1.8 95% 96%
pT=1.9 82% 88%

TOF m2

π -0.15 < m2 < 0.14
K 0.14 < m2 < 0.4
p 0.6 < m2 < 1.2Border line

pT =1.3 GeV/c

2.0 GeV/c

1.6 GeV/c

1.7 GeV/c 1.8 GeV/c 1.9 GeV/c

1.4 GeV/c 1.5 GeV/c

• Gaussian fit has been done but shape of m2 distribution 
does not follow Gaussian exactly. 
Please note this purity results are rough estimation. 
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Re
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N
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) pos, neg ±5%

• When we change (pos,neg)=(+0.3%,-0.3%) and (+0.3%,-0.3%), run by run  
Refmult (Net) are fluctuate within blue and green line. 

• (pos+0.3%, neg-0.3%) and (pos-0.3%, neg+0.3%) seem enough to estimate 
systematic uncertainty of net-charge. 

Only Good runs are shown Refmult(Pos)+Refmult(Neg)=Refmult

pos+0.3%, neg-0.3%
pos-0.3%,  neg+0.3%



TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

54NBD check

Cnet�c
n = C+

n + (�1)nC�
n
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Example case: 
350003 

Refmult2=300

N+

N
-

C1+=79.53 
C2+=122.1 
ε+=C2/C1=1.53

C1-=77.81 
C2-=117.93 
ε-=1.51

For example : 350003, Refmult2=300, 
Efficiency Uncorrected case

used as NBD parameters.
C3+=253 
C4+=724 
C5+=2746 
C6+=13027

C3+=240 
C4+=671 
C5+=2486 
C6+=11525

C1net=1.72 
C2net=240 
C3net=13.3 
C4net=1395 
C5net=260 
C6net=24552

C1net=1.72 
C2net=157 
C3net=1.72 
C4net=157 
C5net=1.72 
C6net=157

NBD Poisson

Odd: C1+-C1- 

Even:C1++C1-

• NBD baseline is larger than Poisson 
because of large ε. 

• If ε=1, NBD and Poisson baseline are 
exactly the same.

C1 = µ

C3 = µ✏(2✏� 1)

C2 = µ✏

C4 = µ✏(6✏2 � 6✏+ 1)

C5 = µ✏(2✏� 1)(12✏2 � 12✏+ 1)

C6 = µ✏(120✏4 � 240✏3 + 150✏2 � 30✏+ 1)

STAR 
Preliminary
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N+

C1+=139.44 
C2+=265.5 
ε+=C2/C1=1.90

C1-=136.54 
C2-=256.26 
ε-=1.87

For example : 350003, Refmult2=300, 
Efficiency Corrected case

used as NBD parameters.
C3+=745 
C4+=3007 
C5+=16145 
C6+=108378

C3+=705 
C4+=2786 
C5+=14640 
C6+=96183

C1net=1.72 
C2net=521 
C3net=40.0 
C4net=5794 
C5net=1505 
C6net=204561

C1net=1.72 
C2net=157 
C3net=1.72 
C4net=157 
C5net=1.72 
C6net=157

NBD Poisson

Odd: C1+-C1- 

Even:C1++C1-

• NBD baseline is larger than Poisson 
because of large ε. 

• If ε=1, NBD and Poisson baseline are 
exactly the same.
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56Error propagation
A± �A B ± �B

A+BSum:

Wighted sum: wAA+ wBB E(wAA+wBB) =
p

(wA�A)2 + (wB�B)2

E(A+B) =
p

�A2 + �B2

① Suppose 2 different distribution

② Suppose 2 different distribution follow the same function

Wighted sum: (wA + wB)A = A E(wAA+wBB) =
p

(wA�A)2 + (wB�B)2

wA =
NA

NA +NB
Wight

A = B, �A = �B

=
�Ap

NA +NB

�B ⇠ 1p
NB

�A ⇠ 1p
NA

=

p
N2

A�A
2 +N2

B�B
2

NA +NB
⇠ 1p

NA +NB

wB =
NB

NA +NB
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57Error propagation
A± �A B ± �B

① Suppose 2 different distribution

② Suppose 2 different distribution follow the same function

+ =

+ =

Example: CBWC, rebin centrality 
E3 proportional to 1/√NA+NB 

E3 does not have to be smaller than E2

Example: Merge different trigger ID 
E3 proportional to 1/√NA+NB 
E3 must be smaller than E2

E2E1 E3

E2E1 E3

=
�Ap

NA +NB

=

p
N2

A�A
2 +N2

B�B
2

NA +NB

⇠ 1p
NA +NB
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Glauber model
• Number of Nucleon : 197 
• Width (Parameter of Wood-saxon) : 0.535 
• Radius : 6.4 
• σ: 4.2
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gRandom->Rndm() is used. 
Linear congenital generator. 

Periodicity = 231 
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Correction parameter of Refmult2 (Run10)
• Refmult2 was used to determine centrality at net-charge analysis.  
(multiplicity of 0.5<|η|<1) 

• Refmult2 depend on z-vertex and luminosity and trigger ID. 
• Calculate z-vertex and luminosity correction parameter for each  
trigger ID.

• Fit by pol1 ( [0]+[1]x )
correction luminosity =

1

1 + [1]/[0] ⇤ ZdcCoincidenceRate
luminosity correction factor
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Refmult2 distributions of each Vz
• Maxrefmult2 was measured that is defined by error function for each  
 Vz bins from -30 to 30 after luminosity corrections.

• Fit by  ( [1]*TMath::Erf(-[1]*(x-[2]))+[0] ) →  [2] : Maxrefmult2
Refmult2

C
ou

nt
s

Trigger ID = 350043
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Z-vertex correction (Run10)

• Fit by pol2 ( [0]+[1]x+[2]x^2 )

Vz correction factor

260001                260011                 260021                260031         

Vz

M
ax

 R
ef
m
ul
t2

([0] of 350043) - [0] 
Scaled to 350043

Refmult2Corr = (Refmult2+gRandom->Rndm())*correction_lunimosity*Hovno
Vz correction  

factor
Luminosity  

correction factor
0 to 1 random number 
to remove kink structureRaw Remult2Corrected 

Refmult2

Using StRefmultCorr class

Hovno =
[0] + par

[0] + [1] ⇤ x + [2] ⇤ x2



TAC seminar 2018/11/26 Tetsuro Sugiura Univ. of Tsukuba

62

0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 (TPC)+π

 (TPC+TOF)+π

 (TPC)-π

 (TPC+TOF)-π

 (TPC)+π

 (TPC+TOF)+π

 (TPC)-π

 (TPC+TOF)-π

0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 (TPC)+K
 (TPC+TOF)+K
 (TPC)-K
 (TPC+TOF)-K

 (TPC)+K
 (TPC+TOF)+K
 (TPC)-K
 (TPC+TOF)-K

0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

p (TPC)
p (TPC+TOF)
pbar (TPC)
pbar (TPC+TOF)

p (TPC)
p (TPC+TOF)
pbar (TPC)
pbar (TPC+TOF)

350043

350003

0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 (TPC)+π

 (TPC+TOF)+π

 (TPC)-π

 (TPC+TOF)-π

 (TPC)+π

 (TPC+TOF)+π

 (TPC)-π

 (TPC+TOF)-π
0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 (TPC)+K
 (TPC+TOF)+K
 (TPC)-K
 (TPC+TOF)-K

 (TPC)+K
 (TPC+TOF)+K
 (TPC)-K
 (TPC+TOF)-K

0 100 200 300 400 500 6000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

p (TPC)
p (TPC+TOF)
pbar (TPC)
pbar (TPC+TOF)

p (TPC)
p (TPC+TOF)
pbar (TPC)
pbar (TPC+TOF)

Run10
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Tracking efficiency
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63Number of Events

NEvent 350003 350013 350023 350033 350043 Total

Run11 
(0-80%) 200M 74M 15M 9M 187M 485M

NEvent 260001 260011 260021 260031 Total

Run10 
(10-80%) 

80M 21M 70M 40M 211M

Run10 
(0-10%) 53M 20M 76M 47M 196M

NEvent Total

UrQMD 45M
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GetNegativeBinomial(x,30)

Negative binomial distribution

r success before k failures

r : success 
k : failures 
n : trials 
p : probability of success

r success , given n trials
Binomial distribution

Negative binomial distribution (NBD)

→
 Expand k and r to positive real values. 

f(r;n, p) =
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npp : Mean number of generated  
        particles from each ancestors.  
k    :  Parameters of NBD. 

Example 
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0-10%
0-40% Merged

• C6/C2 is consistent with statistical baseline in all centralities.

Weights are calculate by Number of Events
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NiPNtrig
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Weight is calculated by number of event 
for each trigger ID and centralities.
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Cumulant ratio (C6/C2) 
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② Scale Refmult2 distributions
Ra

tio

Refmult2

Ev
en

ts
Ev

en
ts

Refmult2
Scaled to Run10_MinBias

Refmult2

Scale_factor(UrQMD)

• Refmult2 distribution of UrQMD can be scaled 
to experimental data by multiplying scale factor 

• Refmult2 dependence of scale factor is similar  
to charged particle efficiencies as a function of 
Refmult2.

Differences between UrQMD and experimental 
refmult2 distributions can be roughly described by  
the tracking efficiency.

・y-axis of all results are scaled at Refmult2=500 
・x-axis of UrQMD is scaled to Run10_MinBias by randomly   
sampling and consistent within ±20% except most 
peripheral collisions.

Scale factor =
2.28

2.9
(1� 0.29

1020
⇤ Refmult2)
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67How to treat UrQMD?

① Glauber fit and apply CBWC  
…Participant fluctuations of UrQMD are smaller than experimental data.  

② Scale to experimental data and apply CBWC 
    …Participant fluctuations of UrQMD are same as experimental data.
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Scale is different between UrQMD and experimental 
refmult2 because of tracking efficiencies. 

① was applied tentatively.
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68CBWC by Nw (UrQMD)

Multiplicity

Multiplicity

Nw

Nw

N
+

C
1

C
1

Nw

M
ul
tip

lic
ity

Multiplicity=621 
<Nw=233>

① ②

③ ④

①

③

①C2=430       ②C2=225 
③C2=319       ④C2=312

>

Cumulants in r-th  
Nw bins

• If CBWC is done by using Nw instead 
of multiplicities, can we reduce VF?

• CBWC C2 by Nw is larger than 
that by multiplicity.

~
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69UrQMD model

Fri Sep  7 04:48:00 2018
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• We can directly know true 
Nw by using UrQMD model.  

• Nw can also be obtained  
by Glauber fit like previous 
Toy model.

• Even though multiplicity 
distributions are the same, 
Nw distributions are 
different between Glauber 
model and UrQMD. 

• Nw from UrQMD is used 
for following VFC 
calculation.

Fit parameters

• VFC works well in Toy model case under the IPP model assumption consist. 
• Next, VFC will be done by using UrQMD model in which IPP model might 
be broken and discuss the validity of VFC.

Multiplicity
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• It seems VFC works well. 
• K1 does not affected by participant fluctuation. 
• In net-charge fluctuation, effect from participant fluctuation is smaller than N+ 
cumulants because Δn of net-charge is smaller than N+.  

Glauber : 500M 
Poisson : 100M  
bootstrap=100
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https://drupal.star.bnl.gov/STAR/system/files/0404_vfc_sys.pdf
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• It seems VFC works well. 
• K1 does not affected by participant fluctuation. 
• In net-charge fluctuation, effect from participant fluctuation is smaller than N+ 
cumulants because Δn of net-charge is smaller than N+.  

Glauber : 500M 
Poisson : 100M  
bootstrap=100
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• It seems VFC works well. 
• K1 does not affected by participant fluctuation. 
• In net-charge fluctuation, effect from participant fluctuation is smaller than N+ 
cumulants because Δn of net-charge is smaller than N+.  

Glauber : 500M 
Poisson : 100M  
bootstrap=100
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: CBWC by multiplicity (standard CBWC)
: CBWC by Nw (true)
: Only VFC was applied
: No correction

: Both CBWC and VFC were applied
• CBWC-Nw (no VF, true) cumulants are larger than CBWC results even though CBWC 
results include VF. 
- IPP assumption is broken in UrQMD? 

• CBWC results are larger than VFC results and close to CBWC-Nw (true) cumulants. 
- CBWC is better than VFC?
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• Trends are changed around central collision because maximum value of 
Nw is fixed. 

• Participant fluctuation become larger with number of bin divisions become 
small. 
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T.Nonaka, Doctoral thesis

Net-proton case
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Toy model VFC check (bin dependence)

• CBWC cumulants and Without CBWC cumulants become very close if centrality step 
become 2.5%. 
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78Volume fluctuation correction (5,6-th order)

T.Nonaka, Doctoral thesis

5(�N) = hNW i5(�n) + {54(�n)1(�n) + 103(�n)2(�n)}2(NW )

+
�
103(�n)2

1(�n) + 152
2(�n)1(�n)

 
3(NW ) + 102(�n)3

1(�n)4(NW )

+5
1(�n)5(NW )

6(�N) = hNW i6(�n)

+
�
65(�n)1(�n) + 154(�n)2(�n) + 102

3(�n)
 
2(NW )

+
�
154(�n)2

1(�n) + 603(�n)2(�n)1(�n) + 153
2(�n)

 
3(NW )

Measured 
 cumulant

True cumulant

Δn : number of net-particle

Additional term caused from Nw fluctuation
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79Participant fluctuation (UrQMD)
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80UrQMD model
h1

Entries    7.167854e+07
Mean  0.001941− 
Std Dev     3.725

10− 8− 6− 4− 2− 0 2 4 6 8 100
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310×
h1

Entries    7.167854e+07
Mean  0.001941− 
Std Dev     3.725

h1TPC region

① ②

EPD region
① |η|<0.5 (Refmult) 
② 0.5<|η|<1 (Refmult2) 
 - experimentally used for 
   net-c analysis 
③ 1<|η|<1.5 
④ 2.1<|η|<5.1 (EPD region) 
 - centrality determination 
   from BES II 

η

C
ou

nt
s

③

④④

Spectator
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81UrQMD model
N
+

Multiplicity

② ③ ④

N
+

M
ul
tip

lic
ity

Nw

Multiplicity : multiplicity used for centrality determination

Multiplicity

①

Nw is fixed to 100
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Nw Nw Nw
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UrQMD model

CBWC-Nw : 
No VF and written  
in all plot

cent0 |η|<0.5 
cent2 0.5<|η|<1 
cent3 1<|η|<1.5 
cent4 2.1<|η|<5.1

• Suppressions are observed because of autocorrelation 
- Largest in refmult region and smallest in EPD region 

• VF are observed in raw results but not observed in CBWC results 
- NOT consistent with Toy model. IPP is broken? 

• If CBWC-Nw results are “true”, VFC results are over correction 

Enhanced  
by VF

Suppressed   
by Auto Correlation

Over  
correction?
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: CBWC by multiplicity (experimental CBWC)
: CBWC by Nw (true)

: VFC was applied
: No correction

• CBWC-Nw (no VF, true) cumulants are larger than CBWC results even though CBWC 
results include VF. 
- IPP assumption is expected to be broken in UrQMD. 

• CBWC results are larger than VFC results and close to CBWC-Nw cumulants. 
- CBWC is better than VFC? 

• K2 is not affected by VF which trends are same as Toy model.
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